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PREFACE

Itis a matter of great pleasure and pride for me to introduce to you this
book “Play with Graphs”. As a teacher, guiding the Engineering aspirants
for over a decade now, | have always been in the lookout for right
approach to understand various mathematical problems. | had always felt
the need of a book that can develop and sharpen the ideas of the
students within a very short span of time.

The book in your hands, aims to help you solve various mathematical
problems by the use of graphs. Ways to draw different types of graphs are
very easy and can be understood by even an average student. | feel glad
to mention that the use of graphs in solving various mathematical
problems has been well illustrated in this book.

I would like to take this opportunity to thank

M/s Arihant Prakashan for assigning this work to me.

Itis their inspiration that has encouraged me to bring this book in this
present form.

I would also like to thank Arihant DTP Unit for the nice laser typesetting.

Valuable suggestions from the students and teachers are always
welcome, and these will find due places in the ensuing editions.

Amit M. Agarwal
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INTRODUCTION OF

GRAPHS

(] In this section, we shall revise some basic curves which are given as.

-~

Algebraic

(FUNGTioNS -

Transcendental

Polynomial

Rational

»( Greatest integer function]

Irrational

Piecewise | ==

*{ Fractional part function ]

-}[ Least integer function]

Trigonometric

Exponential

»(Logarithmio/lnverse of exponential ]

-P(Geometrical curves]

»(Inverse trigonometric CUI’VESJ

m ALGEBRAIC FUNCTIONS

1. Polynomial Function

A function of the form:

f(x) = ap + a;X + a,x> +... +a,x

wheren ON and ay, a;, ay...,a, O R

n .,
n B

Then, f is called a polynomial function. “f(x) is also called polynomial in x”.
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Play with Graphs

Some of basic polynomial functions are
(i) ldentity function/Graph of f(x) = x y=x
A function f defined by f(x) = x for all x R, is called the
identity function. 45°
Here, y = x clearly represents a straight line passing through o)
the origin and inclined at an angle of 45° with x-axis shown as:
The domain and range of identity functions are both
equal to R.

Fig. 1.1
(ii) Graph of f(x) = x? y
A function given by f(x) = x? is called the square function.
The domain of square function is R and its range is R™ [J {0}
or [0, o)
Clearly y =x?, is a parabola. Since y =x* is an even X
function, so its graph is symmetrical about y-axis, shown as:

(iii) Graph of f(x) = x° Fig. 1.2
A function given by f(x) = x2 is called the cube function. y y=x3
The domain and range of cube are both equal to R.
Since, y = x° is an odd function, so its graph is symmetrical
about opposite quadrant, i.e.,, “origin”, shown as:

(iv) Graph of f(x) = x2"; nON

If n 0N, then function f given by f(x) = x*" is an even function.
So, its graph is always symmetrical about y-axis.

Also, x?2>x*>x°>x%>.. forallxO€ 1,1)

and x%2<x*<x®<x®<.. forallxOfo -~ DO & )
4

Fig. 1.3

Graphs of y = x2, y =x*, y =x°,..., etc. are shown as:

Y=X4y:x6 Y,

Fig. 1.4

(v) Graph of f(x) = x*"™'; nON
If nON, then the function f given by f(x) =x**™ is an odd function. So, its graph is
symmetrical about origin or opposite quadrants.



Here, comparison of values of x, x°, x°, ...

for

x O ) x<x<x®°<..

x (0, 1) x>x>>x° > ...

xO€ 1, 0) x<x3<x® <.

xOfo &~ 1) X>x2>x° >... -

Graphs of f(x) =x, f(x) = x3, f(x) =x°, ... are shown as in )

2. Rational Expression

A function obtained by dividing a polynomial by another polynomial is called a rational function.

0 f =2
Q)
Domain OR- {x|Q(x)x= 0}
ie., domain (R except those points for which denominator = 0.
Graphs of some Simple Rational Functions
(i) Graph of f(x) = 1 y
X

A function defined by f(x) = 1 is called the reciprocal
X

function or rectangular hyperbola, with coordinate axis as ' ' x

asymptotes. The domain and range of f(x) = 1 is R —{0}.
X

Since, f(x) is odd function, so its graph is symmetrical
about opposite quadrants. Also, we observe

lim f(x)=+0w and Ilim f(x)=-®
X - O+ X - 0~
and asx - xo O f(x» O

Thus, f(x) = 1 could be shown as in Fig. 1.6.
X
(ii) Graph of f(x) = x—12

1. . . . . .
Here, f(x) = — is an even function, so its graph is symmetrical about y-axis.

X
Domain of f(x)is R — {0} and range is (0, ). 7
Also,as y — o as lim f(x) or lim fx) .
X - 0+ X - 0~
and y - 0 as lim f(x).
X —» oo
o) X

Thus, f(x)= iz could be shown as in Fig. 1.7.
Fig. 1.7
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Play with Graphs

(iii) Graph of f(x) = 1 nON
X

2n-1"

Here, f(x) = is an odd function, so its graph is

X2n—1

symmetrical in opposite quadrants.

Also,y - o when lim f(x) and
X - O+
y - —oo when lim f(x).
X - 07
Thus, the graph for f(x) = r ; f(x) = i, ..., etc. will
x> x>

be similar to the graph of f(x) = 1 which has asymptotes
X
as coordinate axes, shown as in Fig. 1.8
(iv) Graph of f(x) = %; nON
X
We observe that the function f(x) = % is an even
X

function, so its graph is symmetrical about y-axis.

Also, y - o as lim f(x) or lim f(x)
X —» 0* X » 07

and y - 0 as lim f(x) or lim f(x).
X - —0 X - + o

Fig. 1.8

The values of y decrease as the values of x increase.

1

Thus, the graph of f(x) = — f(x) = i“, ..., etc. will be
X X

Fig. 1.9

similar as the graph of f(x) = iz, which has asymptotes as coordinate axis. Shown as in Fig. 1.9.
X

3. Irrational Function

The algebraic function containing terms having non-integral rational powers of x are called

irrational functions.
Graphs of Some Simple Irrational Functions
(i) Graph of f(x) = x"2

Here; f(x) = +/x is the portion of the parabola y? = x, which
lies above x-axis.

Domain of f(x) OR*0 {0} or [& )
range of f(x) OR'D {0} or [& ).

Thus, the graph of f(x) = x2 is shown as;

and

Note [ff(x) = x" and g(x) = x/", then f(x) and g(x)are inverse of

each other.

O f(x) = x" and g(x) = x*’" is the mirror image about y = x.

Fig. 1.10



(i) Graph of f(x) = x3
As discussed above, if g(x) = x>. Then f(x) = x'/3
is image of g(x) about y = x.

where domain f(x) OR.

and range of f(x) O R.

Thus, the graph of f(x) = x*/? is shown in Fig.
1.11;

(iii) Graph of f(x) = x"2"; nON

Here, f(x) = x/?" is defined for all x 0[O )and the values
taken by f(x) are positive.
So, domain and range of f(x) are [0, ).

Here, the graph of f(x) = x'/?" is the mirror image of the
graph of f(x) = x2" about the line y = %, when x ([0 ).
Thus, f(x)=xY?, f(x) =xY*, ...are shown as;

(iv) Graph of f(x) = x"?"'  when nON

Here, f(x) = xY?""! is defined for all x OR. So,
domain of f(x) OR, and range of f(x) OR. Also the
graph of f(x) = x/?"™! is the mirror image of the graph
of f(x) = x**™! about the line y = x when x OR.

Thus, f(x)=x"3, f(x)=xY°,..., are shown
as;

Note We have discussed some of the simple curves
for Polynomial, Rational and Irrational
functions. Graphs of the some more difficult
rational functions will be discussed in
chapter 3. Such as;

X 1 X+ x+1

Yo T e Y T E ke

4. Piecewise Functions

As discussed piecewise functions are:

(a) Absolute value function (or modulus function), (b) Signum function.

(c) Greatest integer function. (d) Fractional part function.
(e) Least integer function.

Fig. 1.13

(a) Absolute value function (or modulus function)

_|X|_|]x, x=0
y Erx,x<0

sydei JOo uononNpoajuj



Play with Graphs

“It is the numerical value of x”. y=x Y y=x
“It is symmetric about y-axis” where domain [JR
and range [1[0, ). 135°
Properties of modulus functions 45° X
@ |x|]<salx & x a; (2 0 ©
(i) |x|z2a 0 - a or ® a; (2 0) Fig. 1.14
(i) |x xy|<|x| +]y]|
) [xxy| = [|x[-]y]}
(b) Signum function; y = Sgn(x) y-axis
It is defined by; 1D ,
X| X EH']., lf x>0
y =Sgn(x) =[x or x| Xio:%—l, if x<0 5 x-axis
H; x=0. Ho, if x=0
. (] -1
Here, Domain of f(x) OR.
and Range of f(X) D{‘ 1, O, 1}‘ Flg 1.15
(c) Greatest integer function =n
[x] indicates the integral part of x which is nearest and smaller /‘\
integer to x. It is also known as floor of x. o
Thus, [2.3] =2, [0.23] =0,[2] =2, [-8.0725] = -9, .... n n+1
In general; X
n<x<n+1 (nOInteger)d [x] n. Fig. 1.16
Here, f(x) = [x] could be expressed graphically as; y-axis
13 —
X [x1
2 o—(
0sx<1 0
1 e=—=
1<x<2 1
2<x<3 2 3 2 - O 1 2 3 4 xaxis
—q 1
Thus, f(x) =[x] could be shown as; : o
Properties of greatest integer function
L3
(1) [x] = x holds, if x is integer.
Fig. 1.17

(i) [x + [ =[x] + L if [ is integer.
(i) [x +y] > [x] +[yl.

(iv) If[e(x)] =1 then @ (x) =L

) If[e(x)] <L then @(x) <I +1.
(vi) [-x] = —[x], if x Ointeger.
(vii) [-x] = —[x] -1, if x(integer.

“It is also known as stepwise function/floor of x.”



(d) Fractional part of function
Here, {.} denotes the fractional part of x. Thus, iny = {x}.

Xx=[x] +{x} =1 +f; whereI=[x] and f ={x}

a y ={x} =x —[x], where 0 < {x} < 1; shown as:
y

x {x}
0<x<1 X 1
1<x<2 x—-1 | T e R Y ad
2<x<3 =2 , s 3 2 7 g X

-3 ) -1 o 1 2 3

-1<x<0 x+1
-2<x< -1 X+ 2 Flg 1.18

Properties of fractional part of x
) {xr=x; if 0=<x<1
(i) {x} =0 ; if x Ointeger.
(i) {-x} =1 —{x}; if x Ointeger.

sydei JOo uononNpoajuj

(e) Least integer function
y =) =[]
(x) or [X1indicates the integral part of x which is nearest and greatest integer to x.
It is known as ceiling of x.

Thus, [2.30237=3, (0.23) =1, (-8.0725) = -8, (-0.6) =0 M=n  Qzlxi=n+
In general, n<x<n+1 (n Ointeger)) m
ie, ] o (®=n+1 . X e
shown as; Fig. 1.19
Here, f(x) = (x) = [X] can be expressed graphically as: I8
y-axis
X BFE x) 3t )—e
-1<x<0 0 21 >
0<x<1 1 11—
lI<x<2 2 s e S Jod 5 5 4 e
-1+
2<x<-1 -1 —
— -2
= < — =
3<x< -2 2 e 3
Properties of least integer function Fig. 1.20

(i) (x) = K= x, if x is integer.
() x+D =&+ I (x)+ I;if I0integer.
(iii) Greatest integer converts x = I + f to [x] = Iwhile [XJconverts to (I + 1).

Note We shall discuss the curves:
y={sinx}, y={}, y ={sin”? (sin x)} y =[sin x], etc. in chapter 2. (Curvature and

Transformations).




Play with Graphs

_m TRANSCENDENTAL FUNCTIONS

1. Trigonometric Function

(a) Sine function
Here, f(x) = sin x can be discussed in two ways i.e., Graph diagram and Circle diagram where

Domain of sine function is “R” and range is [-1, 1].
Graph diagram

(On x-axis and y-axis) y
. . 3 T
f(x) = sin x, increases (—? 1) ] (E’ 1)
strictly from -1 to 1 asxincreases = --=--=-pemsgommomeoeooo =7 U <
m, T .
from 5 to >’ decreases strictly h
: : : . X
. Tt -2 _
from 1 to —1as x increases from — S - OAm
2 2 2 2
3nr__, . AN LD
to — and so on. We have graph _m_q) -
2 2
as; .
Fig. 1.21

Here, the height is same after
every interval of 21t (i.e., In above figure, AB = CD after every interval of 21).

O sin x is called periodic function with period 21
Circle diagram

: _ ) w2 (E, 1) =(511, 1)
(On trigonometric plane or using /" 2 2
quadrants). Let a circle of radius ‘1’, y=1¥___ y
i.e., unit circle. X L
. a s )
Then, sina = —, s N
1 / b 1 1 \
b 2\
sin B =2, i o |
1 5m3nmm y=0! 3n g, 10=y  x=0,2m4m
. (¢ \ !
siny = _? \C a /
. d s
sin® = ——, ..., shown as. S~ |- €&
1 Yol
O sin x generates a circle of Y
radius ‘1. 32,712, ...
(b) Cosine function Fig. 1.22
Here, f(x) = cos x
The domain of cosine function is R and the range is [-1, 1].
Graph diagram (on x-axis and y-axis) y

As discussed, cos x decreases strictly 1
from 1 to -1 as x increases from O to T, (2 1) o0 e 1)

i ny 2

increases strictly from -1 to 1 as x

increases from Tt to 27T and so on. Also, . . . oy

cos x is periodic with period 21U —om _3W2_\'T/_W2 o) ﬂvmg on
_________________________________ -




Circle diagram

Let a circle of radius ‘1’, i.e., a unit circle.

Then, cosa = E, cosf3 = —?, ,"I b 1l ! \\
1 an
{ Paat :
cosy:E, c056=—é y=0|\\d (¢ /.y=o
1 1 ‘\\\ 1 Y 1 c ,/II
0 cos x generates a circle of radius ‘1°. el |
y=-1"
(c) Tangent function Fig. 1.24
f(x) =tan x
The domain of the function y = tan x is; . . y . |
I I I I
R-me 1«37 21 | | | |
o2 27270 | | | |
1 1 1
i.e, R-Han+1) | T/ |
U 20 l L L l
and Range[OR or (-, o). i -t :_E' om | T i
I I I I
The function y = tan x increases strictly ! v/t 4 ! !
from — o to + o as x increases from ! ! ! !
nm . mm,_ 3m 3m 57 | | | |
-— to—, —to—, —to—,...and so on. ! ! ) }
2 2 2 ) 2 2 2 x=-312 X =-T72 X =172 X =312
The graph is shown as : Fig. 1.25
Note Here, the curve tends to meet at x = + g + %[ + %—[ ... but never meets or tends to
infinity.
a0 X=ig, i%[, t%—[...areasymptotestoy:tanx.

f(x) = cosec x

T y=cosec x

S-S —

Tm—————=

y=sin x

y =cosec x

y =cosec x

Fig. 1.26

———————— -

) PR S |

————————p et

y=cosecx

sydei JOo uononNpoajuj



Play with Graphs

10

Here,

ie,
as shown

domain of y = cosec x is,
R-{0,+xm x2m1M+3711...}
R - {nm| n Oz} and rangeOR- € 1, 1)
in Fig. 1.26.

The function y = cosec x is periodic with period 21t

(e) Secant function

f(x)=sec x
a a
Here, domain OR- [{2n+ 1)E n z[
O 2 O
Range OR- € 1,1)
Shown as:

)
1
1
1
1
1
1
4
1
1
1
]
1
1
1
4
1
1
1
1
1
1
1
1

oy R . N e [

————— b

Fig. 1.27

The function y = sec x is periodic with period 271.

Note

(i) The curve y =cosec x tends to meet at x =0, 1, £2 1 ... at infinity.

a x=0,£m, £2m,...
or x = nm, n Ointeger are asymptote to y = cosec x.
(ii) The curve y =sec x tends to meet at x = £ gi %[ ... at infinity.
Ox=4= g + %I + %T ...orx=Q2n + 1)2, n Ointeger are asymptote to y = cosec x.

Here, we have used the notation of asymptotes of a curve in the context of special curves,
but we would have a detailed discussion in chapter 3.

(f) Cotangent function

Here,

f(x)=cot x
domain OR - {nm| n Oz} Range OJR.

which is periodic with period 11, and has x = n7t, n (z as asymptotes. As shown in Fig. 1.28;




e = R

X
—2m _ 3m\ T O] I\ m 3nm 2n
P2 \ | 2 2
1 1 3
| | S
I 1 Q.
: : 3
\/ v 2
Fig. 1.28
2. Exponential Function
Here, f(x) =a® a>0, a #1, and x OR, where domain OR,
Range [0 (0o ).
Casel.a>1
Here, f(x) =y = a* increase with the increase in x, i.e., f(x) is increasing function on R.
Y, y=aXa>1
(0,1)
0 X
Flg. 1.29 y—axis 4x ;
For example; gx

y =2%, y =3% y =4% .. have;
X <F<qd <. forx>1 ?(0,1)
and 2¥>3%>4%> . for 0<x<L 5 x-axis

and they can be shown as;

Fig. 1.30

=aX y-axis
Casell. 0<a<1 y

Here, f(x) = a* decrease with the increase in x, i.e., f(x) is
decreasing function on R.

“In general, exponential function increases or
decreases as (a>1) or (0<a<1)respectively”. [e)

3. Logarithmic Function .
Fig. 1.31

(Inverse of Exponential)

The function f(x) = log, x; (x, a > 0) and a # 1is a logarithmic function.

Thus, the domain of logarithmic function is all real positive numbers and their range is the set R
of all real numbers.

O<ax<1
(0,1)

X-axis

We have seen thaty = a* is strictly increasing when a > 1 and strictly decreasingwhen O< a < 1.

sydei JOo uononNpoajuj
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Thus, the function is invertible. The
inverse of this function is denoted by log, x,
we write

y=a* 0O = log,y;

where x0OR and y 0O(0p )

Ifa>1
y-axis

fo<a<1
y-axis

\(1 0)

/ x-axis

writing y = log, x in place of x = log, y,
we have the graph of y = log, x.

Thus, logarithmic function is also
known as inverse of exponential function.

Properties of logarithmic function
1. log.(ab) = log. a +log. b

2. log. %§= log.a —log.b

3. log. a™ =m log, a

4. log,a=1
5 logbm a= x log, a
m
1
6. log, a=
&b log, b
7. logy a= log , @
log,, b

8. al%%a™ =
9. alogcb :blogca

0 \»X-aXIS 0

Fig. 1.32

/ (1,0)

{a, b> 0}
{a, b> 0}

{a>0 and m OR}
{a>0 and az#1}

{a,b>0, b#1 and m OR}
{a,b>0 and a b#1}

{a, b> 0 # {1} and m > 0}

{a, m>0 and a#1}
{a,b,c>0 and c#1}

>y, if >1 >0and m #1
10. Iflog, x>log, y O EX vl m {m, x,y,>0and m #1}
[xk<y, if 0<m<1

which could be graphically shown as;
If m > 1 (Graph of log ,a)

logm x
logm y
0/1 VX
Fig. 1.33
O log,® log,ywhenx>y and m>1

11. log,a=b 0 & mP
Eh>mb; ifm>1

[p<mb; if0<m <1
(h<mP®; ifm>1

m>m"; ifo<m<1

12. log,a>b O

13. log,a<b O

Again if 0< m <1. (Graph of log , a)

logm x

logmy

O log,, ® log, y;whenx<yand0<m<1.

{a m>0;m#1;b0OR}



4. Geometrical Curves y

(a) Straight line
ax + by + ¢ =0 (represents general equation of straight line). We ( C\

sydei JOo uononNpoajuj

know, _5)
y:—% when x=0 (—§: )
X
o
and x=-S when y=0 \
a
joining above points we get required straight line. Fig. 1.35
(b) Circle
We know,
M x2 + y2 =a? is circle with centre (0, 0) | (ii) (x-a)? + (y - b)? =r2, circle with
and radius r. centre (a, b) and radius r.
y y
I,’ \\\ /,’ \\\
Y \
, b
: : (R
v C(0)0) 1(r, 0) \ [
\ 4 A ,I
AN /, \‘\ — X
Fig. 1.36 Fig. 1.37
(i) x? +y? +2gx +2fy +c =0; iv) x-x)E-%,)+F -y, ¥ -y,) =0
tre (-g, — f); radius yg? + f - ¢ . . .
centre (~g, —f); radius yg ¢ End points of diameter are (x;, y,) and
y (X9, V2. Lo~
- ’ S
, - \\ Il \\
/ r k) A9 38
I' C °/‘l (%3, Y1)‘\ ,’(X2: Vo)
\ (_g1_f) U \ 4
\ / X \\ /,
- Fig. 1.39
Fig. 1.38
(c) Parabola
(i) y? = 4ax (ii) y? = - 4ax
Vertex (0,0) Vertex (0,0)
Focus (a, 0) Focus (—a, 0)
Axis x-axisory =0 Axis x-axisory =0
Directrix x=-a Directrix X=a

13
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e

v (a,IO) Focus

X
©
2 3
a < _
o y2=4ax
X=-a
Fig. 1.40
(iii) x% = 4ay
Vextex (0, 0)
Focus (0, a)
Axis y-axisorx =0
Directrix y=-a
y Xx2=4ay
F1(0,a)
V[, 0) X
--------------------------- > =-a
Directrix
Fig. 1.42

(v) (y - k)? =4a (x - h)

Vertex
Focus
Axis
Directrix

(d) Ellipse
2
X
(i) =5 + 25
a’ b?
Centre
Focus
Vertex

Eccentricity :

Directrix

(h, k)
(h+a k)
x=h
x=h-a

2
Y =1 (@*>b?

(0,0
(+ae 0)
(xa, 0)

Fig. 1.45

y2=—4ax E
F |
(_éy o
i
X=a
Fig. 1.41
(iv) x2 = - 4ay
Vertex (0, 0)
Focus (0, —a)
Axis y-axisorx =0
Directrix y=a
Y
-------------------------- > y=a
v|(0,0) i
F+(0,-a)
x?=—4ay
Fig. 1.43
.___i_ ______________ .| _____
i VWK F(h+ak)
i ¥
x=h-a x=h
directrix
Fig. 1.44
. a2>p2 .
N S
oA\ 0 A7
: b :
v v
x=-ale x=ale



(e) Hyperbola
2 2

o X
0%
Centre
Focus
Vertices

Eccentricity :

Directrix

"

(0,-b)

Fig. 1.46

In above figure asymptotes arey =

2 2
" X y
i) -+~ =1
(i) ="+

o

y <
\0\
&
(0,|b) (4
X
0,-5) N\,
( ) J/,%
/O/
(S

o)
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» | o

s
¥ ¥ y/%/o
x=—-ale | x=al O
Fig. 1.48
Lo (x=h? (v -k)?
(iii) 3 bz =1
y

v
x=h

Fig. 1.50
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(iv) x2 — y2 =a? (Rectangular hyperbola) (v) xy = c?
As asymptotes are perpendicular. Therefore, Here, the asymptotes are x-axis and y-axis.
called rectangular hyperbola.
H
e r V=% o
eﬂ@Q\O g
° @ (c,0)
o) O  asymptote
19& (_07 _C)
J//%/O
%o
y=—X
Fig. 1.51
' Fig. 1.52

Note In above curves we have used the name asymptotes for its complete definition see

chapter 3.

Inverse Trigonometric Curves
As we know trigonometric functions are many one in their domain, hence, they are not

invertible.
But their inverse can be obtained by restricting the domain so as to make invertible.

Note Every inverse trigonometric is been converted to a function by shortening the domain.

For example: Let f(x) = sin x

We know, sin x is not invertible for x [ R.

In order to get the inverse we have to define domain as:
0 m 1

*UB 22

O Iff: E— g ) ETE - [-1, 1] defined by f(x) = sin x is invertible and inverse can be represented
by:
Y 1 % Tt < oinl y < Tl@
y =sin X. —<sin © X< —
2 2
Similarly,
y = cos x becomes invertible when f:[0, 1 -[-1,1]

y = tan x ; becomes invertible =~ when f: @j—; , E]E ~ (=00, )

y = cot X ; becomes invertible ~when f:(0, ) - (-

y = sec x; becomes invertible when f:[0, 1 - énr;@ - R-(-L 1D

y = cosec x; becomes invertible when f: E-g, %E— {0} -~ R-(L1



(i) Graph of y =sin™' x ; Y y=sinlx V=X
where, w2
14 f(x)=sin x
xOf 1, 1]
0m 1 : . . — ' X
and y D_H 2’28 O\ (=172,0) (-1,0,/1C (1,00 W2,0)  (10)
-4
As the graph of f'(x) is mirror image of
f(x) abouty = x. 2T
Fig. 1.53
.s _ -1 . —cos—
(ii) Graph of y = cos " x ; y=cosTx 1 P
Here,
V2
domain OF 1, 1] 1
72
Range O[O0, 1 _:1 o ‘ X
f(x)=cos x
_ -1,
(iii) Graph of y = tan™' x; Fig. 1.54
Here, domain OR, Range D%E s E,E
YA y=tanx Y
y=172
y=tan"'x
0 X 0 X
y=-T02
X=-Tv2 X=T2
Fig. 1.55

As we have discussed earlier, “graph of inverse function is image of f(x) about y = x” or “by
interchanging the coordinate axes”.
(iv) Graph of y = cot™" x ;

We know that the function f : (0, M) — R, given by f(8) = cot Bis invertible.

0 Thus, domain of cot™ x OR and Range 0 (0, T0.

y=cotx y

2 -1
Ol (2,0 (mo)  x \Km

sydei JOo uononNpoajuj
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(v) Graph for y = sec™ x;

The function f : [0, 11 — é‘g@ - (=0, =1] O[1,0 ) given by f(8) = sec Bis invertible.

O ys= sec! x, has domain OR- € 1,1) and range ([0, T+ %}2% shown as
L20

y .Y .
i s
e y_/
_axi ! . =172
0 - T X-axis : : y
4 (T[,—1) i K_
4 o x
X=T2 x=T1 I I
y=secx y=sec 1 x
Fig. 1.57
(vi) Graph for y = cosec'x;
o m g .. . . _
As we know, f: H_ 2’ EH_ {0} - R —(-1,1)is invertible given by f(8) = cos 6.
O y = cosec”! x; domain OR- € 1, 1)
0Om 1
Range [l — , —7— {0}.
gelg 5. 510

y=-12

X -1, o 1E X
14+ : i

X=-10/2 X=T12 x=-1 x=1
y=cosec x y=cosec~'x

Fig. 1.58

Note If no branch of an inverse trigonometric function is mentioned, then it means the principal
value branch of that function.

In case no branch of an inverse trigonometric function is mentioned, it will mean the
principal value branch of that function. (i.e.,)




Function Domain Range Principal value branch
1. [sin”' x [-1 1] on g m__ T _ il
) = — - —<y<—,wherey =sin" x
H 2’ 2H 2 2
2. | cos™ [-1, - 1] [0, 0<y< Tt wherey = cos'x
-1
3. | tan R @.E}I‘E - D ey <™ wherey = tan' x
2° 2 2 2
4. | cosec x (=0, —=1] O [l ) O T T T T, _ 4
g ) =—,— 10} | ——<y<—;y #0 wherey = cosec” X
H2 2H 2 2
=l _ _
S. | sec X (o0, —1] D [1e0 [0, 1] - %TE Osy<sTm; y# %T% where y = sec'x
020 C20
6. | cot™ x R (0, ™ 0<y <T;wherey = cot™' x.

_m TRIGONOMETRIC INEQUALITIES

To solve trigonometric inequalities including trigonometric functions, it is good to practice
periodicity and monotonicity of functions.

Thus, first solve the inequality for the periodicity and then get the set of all solutions by adding
numbers of the form 2n1t; n Oz, to each of the solutions obtained on that interval.

EXAMPLE o Solve the inequality; sin x > — %

@ SOLUTION  As the function sin x has least positive period 2Tt {That is why it is sufficient to solve
inequality of the form sin x > a, sin x = a, sin X < a, sin x < a first on the interval of length 2T
and then get the solution set by adding numbers of the form 2, n Oz, to each of the solutions

omn 31

obtained on that interval}. Thus, let us solve this inequality on the interval g2’ 2B where
. 1
graph of y =sin xandy = - 5 are taken two curves on x-y plane.
) y
i sinx>—+ .
Pl | T1 | RS
4 \ | | 4 \
4 \ ! ! 4 \
’ \ ' ' 4 \
’ \ i . ’ \
V4 \ H . H { \ X
7 .M _mjo & L N
Vi N, 2! 6 2 6 2 Y \\
’ LS —1/2 LS _ 1
Pid \\-L” -1 \~L'_' y==2 AN
i on yi= sin x
Fig. 1.59
. 1
y =sin x and y = 5

sydei JOo uononNpoajuj
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Play with Graphs

From above figure, sinx > — % when —g <x< %T

Thus, on generalising above solution;

ZHT[—E<X<ZHT[+7—T[; n [z.
6 6

which implies that those and only those values of x each of which satisfies these two inequalities
for a certain n[z can serve as solutions to the original inequality.

EXAMPLE o Solve the inequality:cos x < — %

@ SOLUTION As discussed in previous y
example, cos x is periodic with period 21t.
So, to check the solution in [0, 2. i
It is clear from figure, cos x < — % when; 121
2—n3xsin. i 0 I\ 2% & 4 /am 2=T[ X
3 3 172 28 > ? 1/2
On generalising above solution; Nl 1 y==
2n1‘[+2—TISXs2nT[+4—T[; n Uz CoSX=73
3 ) 3 Fig. 1.60
O Solution of cosx< - 5
| x[l%nrﬂ- E,anﬂ- 4nd n z.
3 3f

EXAMPLE e Solve the inequality:tan x < 2.
@ SOLUTION We know tan x is periodic with period Tt. Y,
So, to check the solution on the interval @—g s ETE

It is «clear from figure, tanx<2 when;

Tt -1 TT
—§<X<tan 2 or —E<X<arctan2

e R A s e n e

" — 0 na irﬂ2 X
O General solution -1+
2n1‘[—g<x<2nT[ +tan"! 2 tan x<2
s O v
0 n( @nn— 5 2nTH# arc tan ZE X =—T1 X=T72
x=tan-'2=arctan?2
Fig. 1.61
EXAMPLE ° Solve the inequality:  sin é’% + 1£§< i
2

@ SOLUTION  Here, sinégi‘+£§<i cput X+ oy
2 120 2 2 12



. 1
Osint< —,

V2

with period 21, thus to check on
s Om 31
B’ 2H H2 20

From figure,

now sin t is periodic

. 1 3n I
sint< —,when—<t<’—

V2 4 4

0 generalsolution

y=sint
1+ -

1 -1
J2 Y 2
o LT 3n 2r{9m &m_,

2 4 2 4 27
1T ; 1
Slnt<'r2
t=314 t=9174

Fig. 1.62
2nT[+3iT<t<2m-[+971T cn Oz
4 4
Substituting t = 3x +
2 12
2nn+37n<§+l[<2nn+97n
4 2 12 4
u ﬂT[+ﬂ‘rn<x<E T["'ﬂHTInDZ,
9 3 9 3

EXAMPLE e Solve the inequality : cos 2x — sin 2x = Q.

@ SOLUTION Here, cos 2x - sin 2x can be reduced to,

V2 EL Cos 2x — =S sin ZXE
V2 0

a V2 Epos n cos 2x — sin I sin ZXH
o 4 4 O

2

g V2 cos % + ZXQ

O cos 2x — sin 2x = 0 or cos%+2x§20 ; put 2X+£:t

O cos (t) = 0, solving graphically, y

Clearly; L

2 1] cos t=0

or ZnT[—E<t<2nT[ +g

where t=2n+21 - t=— |0 T_y =t 3n t on=t -
2 2 2~

O 2nm-"<on+ D<o+ D 1t

2 4 2 y=cost
nT[—S—;SnSnTHE; n Oz. Fig. 1.63

8

EXAMPLE GIfA+B+C = T, then prove that; cos A + cos B + cos C <%; where A, B, C

are  distinct.

@ soLuTION Here, we have the three trigonometric functions as cos A, cos B and cos C.

0 let f(x) = cos x ;

which can be plotted as;

sydei JOo uononNpoajuj
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Fig. 1.64

Now, let us suppose any three pointsx = A, x =B, x =Con f(x) = cos x. So that A + B + C = 1101
on the interval of length 1t

where G, be centroid of A given by (A+ B+C cos(A+B+ C))
§A+B+C cos A +cosB+cosC§ 3 3
3 ’ 3
Thus, from figure points Q, G, P are
collinear, (Acos A)g
where; ordinate of GQ < ordinate of PQ. ) 5 o x
' XxX=A T
cos A + cos B + cosC +B+C -n 2
3 < cos 3 @
X=A+g+C
[0 cosA +cosB + cosC <3 cos %@ f(x) = cos x
5 Fig. 1.65
[0 cosA +cosB +cosC <E
Note Here, a particular case arises when A= B =C (i.e., when A, B, C are non-distinct)
cosA=cosB=cosC and A+B+C=m
0 A+ A+A=m or A=m/3.
O cosA=cosB:cosC:%
O cosA+cosB+cosC:§ (only when A= B =0C)
EXAMPLE 0 Solve the inequality: sin x cos X + % tan x > 1.
® SOLUTION Here; left hand side is defined for all x, except x = nTt+ 1—2T, where n Oz.
O 2sinxcosx +tanx =2
2t
O L’; +tan x =2 [Let, tanx = y]
1+ tan“ x
2
0 Y 4y 22
1+ y2



2N _ 2
0 2y +y(Q +y )22(1 Yoo (14y220
d+y?)
0 2y +y (1+y*) -2( +y?) 20
y?-2y*+3y -220
O yiy -D-y(y -1 +2(y -1 20
or -DE*-y+220
O y-120 y tanx =1
{..yz_y+2:§/—1g+7>0 forally} i
' 20 47 |
O tan x = 1, shown as: ; y=1
from given figure; -
] ]
—<xX<—
4 2
s s
or nmn+ —<x<nm+— ; nllz
4 2 X=-TtR2 X=TIR
O x 0 e E,nTH— ED;nDz Fig. 1.66
5 2 H

EXAMPLE (@) ifA + B +C = 1 then prove that

tan? é + tan? E + tan? E >1.
2 2 2

.SOLUTION Here, tanzg,tanzg and tanzg are three

\

f(x) = tan? g, whose period is 2Tt

same function. So consider

. 2 X
O plotting tan 5 forx O€ 1 M. A

In given curve let us consider any three points
A, B, C such that

A+B+C=m
Now, centroid of ARST; X=A
g 2 A 2 B 2 CO
0 tan® — + tan” — + tan” —[J
G EA +B+C , 2 2 0 o o
o 3 3 0
0 0
+B+ +B +
also, M p+B+C , tan> fp +B +CrU
3 2(3)

A B C
tan? — + tan? — + tan? =~

Fig. 1.67

GN > MN.

where;

—+tanZE+tan29>1.
2 2

O 2 2 2 > tan? gwg 0 tan? A
3 6 2

sydei JOo uononNpoajuj
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_m SOLVING EQUATIONS GRAPHICALLY

Here, we sketch both left hand and right hand side of equality and the numbers of intersections
are required solutions.

EXAMPLE e Find the number of solutions of; sin x = 1—);

. SOLUTION Here, let f(x) =sinx and g(x) = 1—);

also we know; -1<sinx<1

0 “1<sX<1 O - 18 % 10
10

Thus, to sketch both curves when x Of 10, 10]
y

1 21
! X (@n5p)
(T4 7o)
1 O 1 1
_10 \3m —2T — (0,0) 12 V\/Zn SHY'W/
_1 +4

g(x):% f(x) =sin x

an 201~
Q(X):ﬁ

Fig. 1.68
From above figure f(x) = sin x and g(x) = 1—); intersect at 7 points. So, numbers of solutions
are 7.

EXAMPLE @ Find the least positive value of x, satisfying tan x = x + 1 lies in the interval.
. SOLUTION Let; f(x) =tanx and g(x) =x +1; which could be shown as:

y g(x) =x +1
Lieast +ve(x) i
1 i': EE i 31 X
! 4|12 12
Fig. 1.69
From the above figure tan x = x + 1 has infinitly many solutions but the least positive value of



EXAMPLE @ Find the number of solutions of the equation,

sinx=x>+x+1

@ soLuTION Let; f(x) = sin x and g(x) = x2+x+1= @( +;g +

3
4

which could be shown as;

Fig. 1.70
which do not intersect at any point, therefore no solution.

EXAMPLE @ Find the number of solutions of: e* = x*.
.SOLUTION Let; f(x) = e* and g(x) = x*, which could be shown as;

v x4 ge”

| | )

Fig. 1.71
From the figure, it is clear they intersect at two points, therefore two solutions.

EXAMPLE @ Find the number of solutions of; log;, X = x.

@ soLuTION Let; f(x) = log,, x and g(x) = x; which could be shown as;

o f(x) =log;ex

Fig. 1.72

From above figure, it is clear they intersect at one points, therefore 1 solution.

sydei JOo uononNpoajuj

25



& 500E OPE SOLJED EYANPLES

2 EXAMPLE o Sketch the graph for'y = sin™" (sin x).
Q @ SOLUTION As,y =sin™! (sinx) is periodic with period 27t
1] O to draw this graph we should draw the graph for one interval of length 2 Ttand repeat for entire
| values of x.
o Q, Tyl
= As we know; sin”! (sinx)= 0 2 2
+— T ]! T 3
= Qm-x); ——<TT-x<— @.&,—SXS—,E
= 0 2 2 2 2
§ D , - E <x< l-[
o 0! (sin x) = 2 2
or sin”" (sinx) = ] - 3T
Or-x, —<x< —,
O 2 2
which is defined for the interval of length 211, plotted as;
y
Repeated Curve Main Curve  Repeated Curve
————————— A ——————T—Vz——— e = ——/—\——————————->y=T[/2
o7 - 157 N
v/ \ + N f],/ \
PR AN 3 A, 0 AN -
7 7 N F A7 R x or y=0
N 28 1 /10 1\l 3ny,/ 20\ /
\\ // +\\2 2 2, " \\z/
e e :'l_ﬂz_ ——————————————————————————— '>y=—TV2
Fig. 1.73

Thus, the graph for y = sin™' (sinx), is a straight line up and a straight line down with slopes 1

and -1 respectively lying between E—g , ETE

Note : Students are adviced to learn the definition of sin™! (sin x) as,

%x+2n : My 3T
2 2

S—n—x L

27 T 2
y=sin” (sinx) = x ; Moy
0 2 2

On-x ESXS@

a 2 2

%{—Zn ; B—HSXSE...andsoon
2 2

26



EXAMPLE e Sketch the graph for'y = cos™*(cos x).
@ SOLUTION As,y = cos™* (cos x) is periodic with period 2Tt

O to draw this graph we should draw the graph for one interval of length 2 and repeat for entire
values of x of length 21T

As we know;

4 _x Osxsm
cos ~ (cosx)=
%ZT[—X; 0<2m-x< 11
1 [X; Osxsm
or cos  (cosx)=
%T[—X; MSX<2TW

Thus, it has been defined for 0 < x < 21 that has length 21t So, its graph could be plotted as;

y
(m 1
il e onils L kil il itk V< i »y=T
NN /7
b“é‘/ ’ \(3/} q”é'/ N N —x + é’,}\ /q// S 7/>\
x/ N\ \+ +X/ "+ +/ NN
\ +/ \\ Vs N ) \ /
—— 4 X ; A xor y=0
(0] b 21 31 4
Fig. 1.74

Thus, the curvey = cos~*(cos x).

EXAMPLE e Sketch the graph for y = tan ' (tan x).

@ SOLUTION Asy = tan™ (tanx) is periodic with period 1t
O to draw this graph we should draw the graph for one interval of length Ttand repeat for entire
values of x.

As we know; tan!(tanx) = E;x; “Mex <—T%
O 2 20

Thus, it has been defined for —g <x< g that has length 1t So, its graph could be plotted as;

y
B ity SEEES B o, by TEEE R fm-—>y=T02
7 7 v
¢ — ; — —
—3rv2/’—n -2 /|0 112//"11 3m2, ,7on 52
N, AN A Y- e AN = A — > _y=—TV2

Fig. 1.75

Thus, the curve for y = tan “!(tan x), where y is not defined for x 0 (2n+ 1) g

sydei JOo uononNpoajuj
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EXAMPLE ° Sketch the graph for'y = cosec ' (cosecx).

@ SOLUTION Asy = cosec ! (cosec x) is periodic with period 21t
O to draw this graph we should draw the graph for one interval of length 2 tand repeat for entire

/)] values of x.
= As we know;
n B X ; —ESX<0 or 0<XSI[
E cosec”! (cosecx) = T[2 2 -
w H‘[—x, E SM-x<0 or O<m- X<E
O
£ i D‘E 2’ o B 5g
§ or cosec !(cosec x) = -
5" ET{— X; X ot 5 D @T{ n
(AR Thus, it has been defined for E—g, %TE— {0, i} that has length 21U So, its graph could be

plotted as

— —1
):‘ | )-4 } —
— 3n — -2 3n 2
N / 2T _2_Tr 2 \\ (0] =, T
\ L/ N Vs
- Bt e et > y:—TV2

Fig. 1.76

EXAMPLE o Sketch the graph for'y = sec™* (secx).

@ SOLUTION Asy = sec” ' (sec x) is periodic with period 27t.
[ to draw this graph we should draw the graph for one interval of length 2 tand repeat for entire

values of x.
As we know;
=% x0d 7Ho B
sec ! (sec x) = 0 1'[2
an—x; ZH—XD@,—QD%,HE
2
Ef(; 0SX<E or I[<XST[
or sec”!(sec x) = 0 2 2
31 3m

[PT-x; M<x<— or —<x<2T[
O 2 2

Thus, it has been defined for [0, 211 - é"rzt , 32TD that has length 2T1. So, its graph could be plotted

as;
28



A3
\
7,
/4
v
~o
i
1
1
i
oo
%
N\
4
‘\
A
} 1
U]
> 1
1
1
1
1
1
1
1 i
i
- >< I"
i
A
N
T
x5
i
i
S
A
a1
N

1
1
1
1
i
5mW2 —2m -3w2 -m -w2 |0 m2 m

Fig. 1.77

Thus, the curve fory = sec”! (sec x).

EXAMPLE e Sketch the graph for'y = cot ' (cot x).
@ SOLUTION As, y = cot ! (cot x) is periodic with period Tt

O to draw this graph we should draw the graph for one interval of length Ttand repeat for entire
values of x.

As we know
cot(cot x) ={x; O0<x<Th
which is defined for length 1, i.e., x 0 (0, ) and x [({n1, ] z}.

So, its graph could be plotted as;

y
Bl S
————— G — == —
N, N
n SN e

o —3m2 -m -T2

Thus, the curve for y = cot "} (cot x).

EXAMPLE o Sketch the graph for:

! (iii) tan (tan 'x)

(vi) cot (cot'lx)

(i) sin (sin”™" x) (ii) cos (cos™'x)
(iv) cosec (cosec'lx) (v) sec (sec'lx)
@ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have

restricted domain and range.

So, we shall first define each curve for its domain and range and then sketch these curves.

(i) Sketch for y = sin (sin""x)
We know; domain, xOF 1,1] (ie,-1<x<1)

and rangey =x O yI-[ 1,1]

sydei JOo uononNpoajuj

29



Hence, we should sketch y = sin (sin ™! x) onlywhenx OF 1, 1]andy = x. So, its graph could
be plotted as shown in figure.
y

1 AN
B

x=-1 x=1

Fig. 1.79
Thus, the graph fory = sin (sin " x).

Play with Graphs

(i) Sketch for the curve y = cos (cos ™ x).
We know, domain, x OF 1, 1] (ie,-1<x<1)
and rangey =x O yI-[ 1,1]

Hence, we should sketch y = cos (cos™ x) = x only when x OF 1, 1]. So, its graph could be
plotted as shown in Fig. 1.80.

|z
\Y
<

Thus, the graph for y = cos(cos™ x).

(iii) Sketch for the curve y = tan (tan" x)
We know,

domain, x OR (i.e., —0 <x < 00 and &

Range y=x O ¥y R IR

Hence, we should sketch

y = tan (tan"'x) =x, 0 %] R.

So, its graph could be plotted as shown,;

Thus, the graph for y = tan (tan™" x).

30



(iv) Sketch for y = cosec (cosec 'x)
We know;
domain OR- € 1,1)

(iie, —0o<x<-lorl<x< m)

and rangey =x 0O ¥ R -( 1, 1).

Hence, we should sketch

y = cosec (cosec™'x) =x only when
xO€eo ~ 1]0 [ ).

So, its graph could be plotted as
shown in Fig. 1.82;

x

Thus, the graph for ¥
y = cosec (cosec™1x).
(v) Sketch for y = sec (sec'x)
We know, domain OR- € 1,1)

(ie, —0<x<-1 or 1<x< ™

andrange y=x 0O yI R -( 1, 1).
Hence, we should sketch

y = sec (sec'x) = x,
onlywhenx O€ oo , —1]0 [& ) = ====m-m-ge—poommooopoee o

So, its graph could be plotted as shown
in Fig. 1.83.

Thus, the graph for ¥
y = sec (sec'x) =x Fig. 1.83
(vi) Sketch for y = cot (cot 'x) o

We know; Domain [R (i.e., -0 < x < o)

RN PN

|l «=—=——="

and Rangey=x 0O y=R 11

Hence, we should sketch

y = cot (cot™ x) =x, Ox1 R. -1
Shown as in Fig. 1.84.

Thus, the graph for y = cot (cot ™ x).
Fig. 1.84

Note From previous discussions, we learn that if:

(i) The function is periodic then find period and trace the curve.
(ii) If non-periodic, then define for their domain and find range to trace the curve.
Now, before going ahead you must revise previous curves of inverse trigonometry as;

y=sintx, y=costx, y=tanlx, y =cot?x, y =cosecx, y =secx
with their domain and range.
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EXAMPLE (@) sketch the graph for:

(i) sin~ %E (i) cos” LD (iii) tan~ %E

x30
(iv) tan™! éihg (v) sin”! (3x - 4x%) (i) cos! (4x3 - 3x).
3x?

@ SOLUTION As we know, all the above mentioned six curves are non-periodic, but have

Restricted domain and Range.

So, we shall first define each curve for its domain and range and then sketch these curves.

, O O
(i) Sketch for y = sin™ EAZD
a+x<0
. 2x
Here, for domain <1
1+ x2
0 2|x|<1+x? {1+ x* > 0for all x}
O [x|* - 2|x[+120 {ox? =x%y
0 (x> -D?*=0
0 x OR.
., do2x 0O
For range: y =sin” —="_0
0 + x20
Ogmn 1 O . Ogmn 1y
O yUOg — ms; y=sin 0 0O yl-5—
H 2’ 2H 0 32 2
Defining the curve: Let, x=tan9
Jt-20 ;28>0
2
0 y:sin_l(sinze):%ze ; —gszesg {See Ex. 1}
O
-m-20 ; 206<-1
5 2
-2tan'x  : tanlx>1
4
or yzgztan_lx ; —EStan_lxsg {+tanO=x 0 & tan'x}
O
O-m-2tan ' x tanlx< -2
H 4
Or-2tan'x  ; x>1
or y:EQtan_lx ;o —1<x<1 ..(D)
%—H—Ztan'lx D x<-1

;O
Thus, y = sin™ E%Dm defined for x OR, where y oo
0+ x20 B

could be shown as in Fig. 1.85.

N\:I

™ .
, —, so the graph for Eq. (i
2B grap q. (D



Note Asin later section (i.e., chapter 2) we shall discuss that functions having sharp edges and

gaps are not differentiable at that point.

Y, -

i i =

______________ {_____TZZ____\;__I(JLT_VZ_)_________,y=m2 m=h

| & I\g= -

B AR N 0

—1i ; @) 1i X Q.

y=—Te2tan™"'x ! ! =

i i 2

"""""(_T:g'):"___ﬂz__ _____ TTTTTTTTTTTTTT -y =T L

| | 0

x=-1 x=1 :

Fig. 1.85 0

| | "

Thus, the graph for y = sin™ Dzixlj m
0+ x20

‘

&

L)

=3

'/

| 4
So, in previous curve y =sin™* %27);2% we know it has sharp edge at x =-1 and x =1.
+

So, not differentiable.

O
(ii) Sketch for y = cos™ Ellizm
O+ x<0
2
Here, for domain 1-x <1
1+ x?
0 1-x*<1+x?
which is true for allx; as 1+ x%>1- x>
a xOR
O
For range: y = cos” L U y 00, )
a + x>
Define the curve : lLet, x =tan0
— 290
0 y = cos™! MZGD: cos™! (cos26)
(1 + tan“ 60
0 26, 20620
H 26, 20<0°
H 2tan'x; tan'x= 0
O vy =0 ) ) {.
B 2tan” x; tan” x<0

{+ 1+x*>0 0O R}
{See Example 2}
tan@=x 08 tan'x}
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a 2tan ™! 20
So, the graph of y = cos™ L @ ® X is shown as:
0 + x>0 Q— 2tan”' x; x<0,

—_

4 (0]

Fig. 1.86

-x-0 2t >0
Thus, the graph for y = cos™ M @ an'x, x
O +x*0 @— 2tan'x, x< 0

From above figure it is clear y = cos™ LDls not differentiable at x = 0.

a1 + x?
O O
(iii) Sketch for y = tan™ BLZD
O-x0
Here, for domain ORexcept; 1-x*=0
1- x2
ie., x#z=*1 or xOR-{1,-1}
4,0 2x 0O
For range y = tan Eli[]
0 - x20
gm 1 U 1 %n
O 03—, — as y=tan" 0 0 —, =
ofy 8 gy 2 5o
Defining the curve
Let X = tan0
T
+2 20< - —
28 ;
O
0 y = tan -1 Dﬂ[l tan ! (tan 20) = %9; LY 20 < I {See Example 3}
0 - tan? 60 2 2

T+ 28 2e>g

D
_ _ T
+2tan1x; tan1x<—Z

T _ Tt _
tan~! x; - —<tant'x<— {as tan6=x 0 & tan'x}

D]]DDQ:DD;FI

1 Tt
— T+ 2 tan ! X; tan x>Z



)

So, the graph of;

Ot + 2tan™! x; x< -1

tan~! x; —1<x<1

0o

—T[+2tan’1x; x>1

O

Ot+ 2tan' x; x<-1

_.oab2x O oo .
y = tan %E—[Qtan X; —1<x<1 is shown as;
- X
g +2tan™ X; x >1
Y,

___________________ > y=TV2

Fig. 1.87

O+ 2tan'x, x<-1

O o 0O
Thus, the graph for y = tan™ E)27X2D= Rtan'x; -1<x<1

O-x"0 g I
D—T[+2tan X, x>1

which is neither continuous nor differentiable at x ={- 1, 1}.
—x30
Sketch for the curve y = tan™' MD

Here, for domain

0 kI Rexcept 1-3x2=0 o =%+

For range

O

Defining the curve:

M-3x20

4 Bx-x
y =tan!

oHT™ ™
y Hz’ 25

Let; X = tan®

O -1 Tt
sy=tan" 06 [O %—, —
g7 S ;‘%

sydei JOo uononNpoajuj
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EF‘[+BQ 3p<- 1 %1+3tan‘1x; tan_1x<—g

2
O y = tan"' (tan 36) = QSG; LS 36<lT = @Btan‘1 X; LS tan~! x <
0 2 2 g 6 6
] T O -1 Tt
FT+ 3 30> — T+ 3tan'x; tan'x>—
g 2 B 6
O 1 1
+ 3tan” x; X< - —
o 3
:%Btan_lx' _i<x<i
. B
O
T+ 3tan! x; x>i
H J3
O 1 1
+ 3tan~ x; X<—-—
7 3
_x30
So, the graph of; y =tan™ MD: E;Btan‘1 X; - 1. X < 1
0 -3x*0 V3 V3
T+ 3tan™ x x> 1
H J3
Y
"""" |_“““““““/‘:1_“““““-’ y="2
i 22
v
T 5 X
%/
E ———————————————————————————— > y—*TVQ
v i
x=-1~3 x=1N3
Fig. 1.88
E,TH 3tan' x, x<- L
V3
_x30
Thus, the curve for y = tan~ M Eﬁtan X, —i<x<i
3x20 V3 V3
|
T+ 3tan! x; x>i
il J3
which is neither continuous nor differentiable for x = E;t %E
u U

(v) Sketch the curve y = sin™'(3x — 4x?°)
Defining the curve: Let X =sin6,



E{'I—BQ ESSSS%T E{T—Bsin"lx, gsﬁn"lxs
O y:sin"l(siHSG)Z@BG; L SGSE :@Bsinlxg L sin™ x <
0 2 2 0 6
O 3m m O .1 T B
—T—-38 - <30<-— STm-3sin" x; ——<sin X< -
B 2 H ’
. 1 1
— 3sin” x; —<x<1
2
-1 3 -1 1 1
O y =sin” (3x — 4x°) = [Bsin™ x; - —_<x< =
0 2 2
D—T[— 3sinlx; —1< xS—1
B 2
For domain vy = sin”! (3x - 4X3) [l x0O[-1, 1]
. omn 1
For range =sin7!(3x - 4x*) O 05—, —
g YSE2 2F
.1 1
— 3sin"" x; ~—<x<1
2
- -1 3 Qﬂ P 1 1
So, the graph of; y =sin™ (3x — 4x”) = [Bsin™ x; - —<x< =
0 2 2
D—T[—351n‘1x, —1<x£—1
E 2
is shown as:
y
......... S S IS IO E
! ! FANNE g
N YARR
1 \ 1 4 1 N
| 2 | N | N
e i & x
-1 3\ @ ! (0] 1| NEY 11
T2\t 24 2 \1
O\ o\
......... SN ARSI N T ——
v V ' '
x=-1 x=-1/2 x=1/2 x=1
Fig. 1.89

(vi)

Thus, the curve for

which is not differentiable at

Sketch the curve y = cos™
Here, domain [[- 1, 1]
Now, defining the curve
Let

1
e
0 20
(4x3 - 3x)

range [1[0, 11

X =cos B

sydei JOo uononNpoajuj
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_ T _ 21
- 3cos ! x; ES cos 1xs?

[RTt- 38 <362
O y:COS_l(COS3e):%39; 0<36<s 1 :Qﬂcos"lx; OSCOS_IXSL;
H2n+38 - ms36<0 g o
—2m+3cos'x; ——<costx<0
B 3
SZT[—SCOSIX, —ESXSE
2 2
AR
= [Bcos x; —<x<1
0 2
D—2Tr+3cos"1x; —1SXS—1
E 2

{+ If 0<0< g a cosg < cosB< cosO or %s cosO < 1. Here, the interval changed

since, cos x is decreasing in [0, 1T}

%T{—Scos"lx; —15){51
2 2
So, the graph of; y = cos™ (4x>® — 3x) = Q%cos’1 X; %s x<1
O
D—2T[ +3cos! X; -1<x s—l,
H 2
is shown as;
y
el
2
x=-1
Thus, the curve for y = cos™ (4x> — 3x),
which is not differentiable at X = El)t 1%
0 20
EXAMPLE o Sketch the graph for:
(i) sin x.cosec X (ii) cos x [$ec x (iii) tan x [Ctot x

@ SOLUTION As we know for the above curves each is equal to 1, but for different domain as;
(i) y =sinx[¢osecx =1; O x OR - {nrg nJ z}



(i) y =cosx[Becx =1;

(iii)) y =tanx[¢otx =1;

Thus, they could be plotted as:

xOR- Homt DT w1 oH
0 2 H

xDR—EnTr,nTi- I[;nD ZE
O 2 O

y y
et et e =1 — (h—1 iy b y=1
: L i i i i
T (R T T 8 _m o m am
; ; ; 2! 2! 2! 21
y=sin x.cosec x y'=C0S X.sec X
y
AR
— (D =1
E_ST[ i—n i__“ [6) i7_'[ in ;31‘[ X
2 2 2 2
y=tan x.cotx
Fig. 1.91

Note From above example it become

s clear that y =sinx[tosec x =1,

y =cosx[$ec x =1,

y = tanx [@¢ot x =1 but they are not equal, as their domains are different.

O Equal functions :
functions.

Those functions which have same domain and range are equal

EXAMPLE @ Sketch the graph for:
., | sin x| o |
(i (i)

sin x

cos X|
Cos X

+x20
(i) sin-t G- X
0 2x

O

(@) log,, [ - %Q+ %10g4(16x2 _8x +1)

(v) 1+ 3 (log|sin x| + log

| cosec x|)

(vi) 1+ 3 (log sin x + log cosec x)

@ SOLUTION As we know, to plot above curves we must check periodicity domain and range;

Here, y =

1; sinx>0
E—l; sin x< 0

sydei JOo uononNpoajuj
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_ 2nm<x<(@2n+1)mn n 0Oz
Y7HL @n+Dn<x<@n+2m 0z

So, from above,

I
I_ <
I

domain OR - {nm, 1 z}

2m 3 4:1-[

S
3

—TT OT[

(9.
|
L.
T

a1, 2nm<x<@2n +1) 1
Range [1 ]
1 Cn+1)nm<x<(2n +2) 1

|
-

O it could be plotted as shown in

Flg 192 y= Iz:z §|
Fig. 1.92
(i) Sketch for y = |cosx|
cosx
O . _ l'[ I[
01; cosx>0 Ol 2nm 2<X<2nT[+2
Here’ y = D |:| y = D
+1; cosx<O 0 n 3

;0 2nTT+ — <X <2nTt + —
2 2

So, it could be plotted as:

Y,
AN S U T S
i—5TV2 i—3Tr/2 E—TV2 o ETVZ ESTVZ ESTVZ X
_lcos x|
~ cos x
Fig. 1.93
1D| +X2D
(iii) Sketch for y = sin™ G——[
0 2x [
+x20
Here y =sin! MD is defined;
0 2x O
1+x32 1. X
when; 2 <1 {as; sin~" xis defined when |x|<1}
X
O 1+x%<2|x] {as; 1+x*>0}
O x? - 2|x|+1<0 {as; x* =|x|*}
0 [x|> - 2|x|+1<0
0 (Jx|-D*<0
O (x| - D% =0 {as; (|x|- 1)? < 0is not possible}



O x=zx1 5
[l Domain O0¢ 1} P
20 =
O For range y = sin™ MD, where x=+1,-1 °
0O 2x O 8
— il = cin~!
y =sin™ (1) and y =sin™ (1) :
y =+ E n
2 y :In.
O Range [ E EH A(1,12) °
0 20 T :
2 |:| Il Il
Hence, thegraphfor y =sin™ MD is only two ' o x (o]
0 2x O =3
. -+
. . B
points. Shown as: 1 o2) m
= qin~! +x°0 11+ X2 o~
Thus, the sketch for y =sin 2 0 is only two Graph for sin ( o ) 9
0 2x [
. Fig. 1.94 S
points A and B. -
: 10,1 2 '/
(iv) Sketch for y =logy, Q( - Z§+ Elog4 (16x“ — 8x +1)
_ 10 1 2
Here, y =log,,, @( - —§+ —log, (4x-1)
40 2
1 1 1 1
O =lo @(——§+—lo 16 + = lo @(—g
y 81/4 20" 3 84 5 84 4
1 1 2 1 m
or =-1o @(——§+—10 4% +Zlo @(——Q s; log ,a™ =—log, a
y 84 20" 3 84 5 84 ) Ea gy 0 Eb @

O y=—10g4§(—%§+10g4§(—%§+glog44

0 y =1, whenever; @(— %E> 0 {as; log , x exists only when a, x> Oand a # 1}

Thus, y =log,,, @( - %§+ %log4(4x -1)?

1
A~

U Domain [ %’oo % ------- | __ |
Range [0{1} . %1 .
Thus, the graph is shown as: i 1
Thus, the graph for
Fig. 1.95

1 1
=lo @(——§+—lo 4x - 1)
y 81/4 ) 5 g4 ( )

(v) Sketchfory =1+ 3(log|sin x| + log|cosec x|)

Here y =1 + 3[log(|sin x| [lcosec x|)]

41



whenever |sinx|#0 and  |cosecx|# 0
ie., y =1+ 3 (log1); whenever x Onrt; ol z.
y=1 {as; log1=0}
Domain OR - {n1m;, ] z}
Range ({1}

O it could be plotted as:

p—y
A
A
p—y
A

Play with Graphs

Fig. 1.96
Thus, the curve for y =1 + 3 (log|sinx| + log| cosec x|).
(vi) Sketch for y=1+ 3 (log sinx + log cosec x)

Here y =1+ 3 (log sinx [¢osec x) whenever sinx> 0 and cosec x>0

O y =1+ 3logl; xO@nm 2+ 1) 1

or y =1, whenever x 0(2n1 (2m+ 1)1

a y =1 + 3 (log sinx + log cosec x) ={1; 2nm <x <(2n +1) Ttis shown as;
Y

I’
[
[
.

B s ST
A
=
I
W
=
R B
[\°]
A

T Io)

AL
N
oAl
w
- | N

Fig. 1.97

Thus, the curve for y =1 + 3 (log sinx + log cosec x)

EXAMPLE @ Sketch the curve for cos y = cos x.

@ SOLUTION Here, cosy = cosx U y=2nm*zx; nlz
O cosy = cosX, represents two straight lines;

~ 0O x+2nm, n0z

y_g-x+2nn; n Uz

42



i.e., two infinite set of perpendicular straight lines which could be shown as:

y=—x+4m;n=2
y=—x+21;n=1

y=-x;n=0

y=—x-21;n=-1

Fig. 1.98

Thus, graph for cosy = cosx; represents two infinite set of perpendicular straight lines which have
infinite number of points of intersections; (So, if asked number of solutions then they are infinite).

EXAMPLE @ Sketch the curve for sin'y = sin x.

@ SOLUTION Here siny =sinx O y=nm+(-1D"x; n0Oz
O siny = sinx; represent two straight lines;
W7+ X; n eveninteger

v = Epn— x; n odd integer

sydei JOo uononNpoajuj
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i.e., two infinite set of perpendicular straight lines as shown in Fig. 1.99:

Thus, the graph for siny = sin x.

EXAMPLE €®) Find the number of solutions for;

SOLUTION Let f(x)=sin-> and g(x)=
2

to find number of solutions; we shall plot both the curves as;

. TX _ 99x
SiIn—— = ——.
2 500
99x
500°
y
gx) = 2%
sm%:f(x)

Fig. 1.100
Clearly, from the above figure, the number of solutions are 7.

EXAMPLE @ Find the number of solutions for;

@ SOLUTION As, cosx =X
O to plot the curve for
y = cosx; y =x and find the
point of intersection as to
obtain number of solutions.
Here, the two curves intersect

COSX =X

at a point A.
So, cosx =x has only one
solution.

Fig. 1.101

EXAMPLE @ Find the number of solutions for; [x]={x}. where [*], {*} represents

greatest integer and fractional part of x.
@ SOLUTION  As, [x] = {x}
Otoplot y=I[x]; y={x}

and find point of intersection.
Here, the only point of intersection isx = 0,

O only one solutions.

{x}

Fig. 1.102



EXAMPLE @ Find the number of solutions of

4{x} =x +[x]
where { 3, [ [ represents fractional part and greatest integer function.
@SOLUTION As we know, to find y

number of solutions of two curves we C
should find the point of intersection of y=Ix] "3
two curves. 27 —— V=5%
O 4 {x} = x +[x]
O 4x-[x])=x+[x] 1+

{ x =[xl +{x}}
O 4x — x = 4[x] +[x] > 0 <1 2 3 X
O 3x = 5[x] 1-3/5

3 . o—— —1
O [x] = g X ...(@)
0 To plot the graph of both ——( T2

y=[x] and y = %x. Fig. 1.103
Clearly, the two graphs intersects when
[x]=0 and [x]=1 ...(ii)

0 X = g[x] [from Egs. (i) and (ii)]

x==[0 and ng(l)

Ox=0 and x= are the only two solutions.

w | u

EXAMPLE Q Find the value of x graphically satisfying; [x] — 1 + x> = 0; where [ [] denotes

the greatest integer function.

@ SOLUTION  As, [X]-1+x*>20 0 x? -12-[x]

Thus, to find the points for which f(x) = x> =1 is greater than or equals to

g(x) = - [x].
where two functions f(x) and g(x) could be y__5
plotted as shown in Fig. 1.104; la
From the adjoining figure; the solution set lies X
when T8 A

x< A or x = B. 12 ;V(/
Thus, to find A and B. 1!

e t X
It is clear that f(x) and g(x) intersects when; 0 /1B 2 3 4
- [x]=2. , L
5 x2-1<—[x]

O x“-1=2

x=ty3 0  x=-43 Fig. 1.104

(neglecting x =+ J3 asAlies forx<0)

sydei JOo uononNpoajuj
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Thus, for A : =-3 and forB: x=1
O Solution set for which x? — 1= —[x] holds.

0 xO(~0 ,—300 [& ).

Note The method discussed in previous example is very important as it reduces your
calculations, so students should practice these forms.

EXAMPLE @ Find the values of x graphically which satisfy; — 1< [x] — x* + 4 < 2; where
[ denotes the greatest integer function.
@ SOLUTION As, -1<[x]-x*+4<2 O x*-5<[x]l<x*-2
Thus, to find the points for which f(x) = x* — 5is less than or equal to g(x) =[x] and g(x) = [x]is
less than or equal to h(x) = x2 — 2, where the three functions f(x), g(x) and h(x) could be plotted
as;
y_.

Fig. 1.105

Thus, from the above graph;
x2 —5S[X]SX2 -2 when x0O[A, B[O [C, D]
where A and D is the point of intersection if;
x> -5=+2 0 x:—\/g,ﬁ
and C is point of intersection of
2 — —
x>-2=1 0 x=43.

O A=-43, B=-1 C=+3 and D=47.
a —1<[x]-x%+4<2 is satisfied;
when XD[—\E,—l]ZI [\/5,\/7].

EXAMPLE @If 0<a<3 0<bs<3 and the equation; x2 + 4 + 3cos (ax +b) =2x has
atleast  one solution then find the value of (a + b).
.SOLUTION Here, x2 + 4+ 3cos(ax +b) =2x or x2 - 2x + 4 = - 3cos(ax +b)
O (x - 1)? + 3 =-3cos(ax +b)



for above equation to have atleast one y
solution; plot f(x)=(x- 1% +3 and
g(x) = - 3cos(ax + b) in such a way that \

4

3->- (1,—3cos(a+b))
From figure the two curves could atmost g(x)=—3cos (ax+b)
touch at one point only when /

they touch each other.
—3cos(a+b)=3 IR X
O cos(a+b)=-1 \_/3__ \/

f(x)=(x—1)2+3

O a+b=1m 3mM 571I...

Fig. 1.106
But 3n>6
O a+b=m as 0<abs<3

EXAMPLE @ IfA+B+C =1 and A, B, Care angles of /\; then show
3v3

sin A +sin B +sin C <7.

@ SOLUTION Here; we have three
trigonometric ratios sin A, sin B, sinC.
0 Lety =sinx, on which there are three
points x = A, x = Band x = C shown as;
As from the figure; In APQR,
Centroid of A formed by P(A, sinA)
Q(B, sin B) R(C, sinC) is;

y (B, sin B)

G_DA+B+C sinA +sinB +sinC[J
5 3 3

where; G, Hand Iare collinear Fig. 1.107

[A+B+C

]
B —%6C

>

EA +B+C sinA +sinB +sinC[]
3 3

[A+B+C . [A+B+C
and H , sin E
3
From figure; HI> GI
ie., ordinate of H > ordinate of G
. (A+B+CO_ sinA +sinB +sinC
| sin H > 3

3V3

O T>sinA +sinB + sinC.
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EXAMPLE @ If0<A<g, thenshowA(cosecA)<g.

@ SOLUTION Here, graph for y = sinx is shown as;

Adding Egs. (i), (ii) and (iii), we get

A cosec A + B cosec B + C cosec C < 37“

Y,
where P(A,sin A) and Q %, sin %E : : y=sinx
LT Q
From adjoining figure; sins ""fvi"" T
slope of OP > slope of OQ SinA-|---— A -1---
sin n 0 |
. - = I I
O sinA - 0 S 6 i i |
A-0 T o A we 2 X
6 I I
0 sin A S 3 or A I _
A T A 3 Fig. 1.108
or A(cosecA)< g
EXAMPLE @ If0O<A,B C< g, then show that: A cosec A + B cosecB + C cosec C <3?T[.
@ SOLUTION Here, graph for y = sin x is shown as;
Y,
where P(B, sinB); Q(C, sinC); R(A, sinA); S %, sin%@. L
__________ Loimigs
From figuare; 1 IR/ 40N
slope of OP > slope ofOS: P __i___i ______
i Do
. sin— -0 ol
0 sinB-0 S 2 i i i :
B-0 L O| B Ci A w2 x
2 b
0 sinB_ 2 'B Pl Fig. 1.109
B sinB 2
T .
or B cosec B < 5 ..(D)
Similarly, slope of OQ < slope of OS and slope of OR < slope of OS.
O CcosecC<T1/2 ... (i)
A cosec A< T/2 ... (iii)

Note Students must practice above method in different questions of trigonometric
inequality as it saves time.




EXERCISE

1. Construct the graph for; 4.
k-1 x<0
(i) f(XF%#; x=0
7 5.
&K% x>0
2x+3;, —3<sx<-2 6
- 0 :
(i) f(x)=x+1; —-2<x<0
H+2; 0sx<1 7.
2. Construct the graph of the function:
(i) () =]x =1+ [x +1] 8
o .
(i) f(x)—EB 1<x <1
[ﬂ -x; 1<x<4
(i) fx)=[x] +|x—1]; —-1<x<3 9.
(where [ [J denotes greatest integer function)
D(“ x% <1
(iv) f(x) = 10.
g(; x2 =1

3. Is f(x):x2 + x +1 invertible? If not in which
region it is invertible.

If fis defined by y =f(x); wherex =2t — |,
y =t? +t|t|, tOR. Then construct the graph
for f(x).
Construct the graph for f(x) =[[x] — x]; where
[ 0 denotes greatest integer function.
tana _ T
>—,
a 4
Find the number of solutions for;
cos(cosx)=[x] where [[] denotes the
greatest integer function.

Find the number of solutions for;
[[x] — x] = sinx; where [ [J denotes the greatest

integer function.
Find the values of x graphically which satisfy
2
X

x -1

If 0<a <1;then show;

<1

Find the value of x for which x® — [x] = 3, where
[ O denotes the greatest integer function.

ANSYVIEH

1 i L 0-1-5 —1++50

, o 10. x =228,

3. x=2—— 7. 5solutions. 8. infinite 9. x O
2 0o 2 2 0

sydei JOo uononNpoajuj
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Myths About Jangent Lins /

O| Lmeets Conly at Pbut is not -
tangentto C.

Fig. 1
Yy
(%
L
P
o) > X
Lis tangentto Cat P but meets C at
several points
Fig. 2
"
L C
P

> X

Ol Lis tangent to Cat P but lies on two
sides of C, crossing Cat P.

Fig. 3




CURVATURE AND
TRANSFORMATIONS

In this chapter we shall study:

[l The bending of curves at different points.

[0 Transformations of curves.
_m CURVATURE

“The study of bending of curves at different points is known as curvature.” or “Rate at
which the curve curves”.

Consider a curve and a point P on it and let Q be a point
near P. Let A be a point on the curve.

arc AP = s, arc AQ =s+ &
a arc PQ = ds

Let ¢ and Y + dYbe angles which the tangents at P and
Q makes with x-axis.

(DY is called the total curvature of the arc PQ.

> X
Z—w is called the average curvature of the arc PQ.
S
lim oy = d—w = curvature of the curve at P.
-0 0s ds

2
Note To study curvature we shall define C;—lp or ﬂ
s

4

_m CONCAVITY, CONVEXITY AND POINTS OF INFLEXION

(a) Concave upwards

If in the neighbourhood of a point P on a curve is above the tangent at P, it is said to be concave
upwards.
Mathematically
2
ﬂ increases as x increases. U H >0
dx dx?

51
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Geometrically

LN

Tangent

Fig. 2.2
(b) Convex upwards or Concave downwards
If the curve is below the tangent at P, it is said to be convex upward or concave downward.

Mathematically

d d?
o decreases as x decreases. [ ay< 0
dx dx?
Geometrically
7 BT
Tangent angent
P, fad \ P
0 » X %) » X
Fig. 2.3

(c) Point of Inflexion

If at a point P, a curve changes its concavity from upwards to downwards or vice versa. Then P is
called point of inflexion.

Geometrically

»<
><

Fig. 2.4

Mathematically
2

1) d—z = O at the point.

dx
2 2 3
(i) j}; changes its sign as x increases through the value at which jy =0; fie., j}; # 0.
X X X



Note In general we can represent concavity as;.

»

Concave
up

(@)

Here; % < 0 for both curves.

Fig. 2.5

Concave down

Tangent

Tangent

()

Here; ﬂ > O for both curves.

dx

_m PLOTTING OF ALGEBRAIC CURVES USING CONCAVITY

Here; if y=fx)=x-a)(x-B). 0<a<p.
Then we know it has roots a and  and would be
plotted as shown in Fig. 2.6.

From above discussion it becomes clear that to
plot curves we require;

(i) Point of intersection on x-axis. (i.e.,y =0)
(ii) Point of maximum and minimum value.

(iii) Interval for which function increases or

decreases.

(iv) Point at which concave up, concave down

and point of inflexion.

EXAMPLE @) skecch y = (x- D(x- 2

@ SOLUTION Here; y=(x-1(x-2)
(i) Put y=0 O x=1,2.

(ii) y=x%-3x+2
2
0 L S R
dx dx?
O 2 O
0 minimum at x = § Cas d }2’> o0
2 0 dx 0

3
(iii) Increases when x> 5 and decreases when

3
X< —.
2

A

y

y="1(x) = (x=0)(x=B)

N | B .

min

<

\

Concave up

when x < x;

] Concave up
x=xg Whenx>Xx,

Fig. 2.6

(for point of intersection on x-axis.)

Y,
oA
2\ R
S\ &
ARG
o\ %
N\ L
9\ 2
*l\ *
o\ o
© ~ > X
(@] 1N\ 3/2
=74 » minimum x = 3/2
Fig. 2.7

53
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(iv) Concave upwards for x > g or x< %

O Graph is sketched as shown in Fig. 2.7.

EXAMPLE e Sketch the curve y = (x-1)(x - 2)(x - 3).
@ SOLUTION Here; y=(x-1)(x-2)(x-3)
(i Put y=0 0 x=1,2,3
(i) y=x*-6x* +11x- 6

2
0 Y o_g o411 and I —ex-12
dx dx?
+
when d—y =0 O X = 6+ 3
dx 3
2
0 maximum when; X = 6- 3 as d7y =-2J3
3 dx?
2
minimum when; X = 6++3 as d’y =2J3
3 dx?
(iii) Here; Y g 1k +11 A
dx
0 00 0 % g’/
:35(_6_\/555(_64"/55 maximum| % &
0 3 00 3.0 S > 5’/
& o | S
_ [} 2/161v32 v3/ 3
0 Increases when; x < 6-+3 sa/ 2 E2 ;
3 / minimum
6+3 < e
or X > Concave Ccrcave
3 1 down for up for
_ x<2 X>2
decreases when,; 6-3 <x< 6+ 3
3 3 el
(iv) Concave upwards when x>2 and /
concave down when x<2. Fig. 2.8
O Graph is sketched as shown in Fig. 2.8.
EXAMPLE e Sketch the curvey = (x — 12(x - 2).
@ SOLUTION Here; y =(x-1)*(x-2)
(i Put y=0 0 x=11,2
(ii) y:X3 — 4x% +5x -2
2
O g:3x2—8x+5 and g:6x—8
dx dx?
when ﬂ =0 O x=1, >
dx 3
. _ d?y _
0 maximum when; x=1 as — = 2.
X



2
H:z_
dx?

(i) Here; ¥ =3x2 _gx+5=3x-1) %-E
dx 3

.. 5
minimuim When; X = 5 as

5
O Increases when; x<1l or x> 3

5

Decreases when; 1<x< 3

(iv) Concave up when x > g and

4
concave down when x< 3

O Graph is sketched as shown in Fig. 2.9.

EXAMPLE o Sketch the curve y = 3x* — 2x°.

@ SOLUTION Here; vy =3x% - 2x°
y

O x:O,E when y =0
2
also ﬂ = 6x — 6x% = 6x(1 - X)
dx
2
and d—Z:6—12x:6(1—2x)
dx
d?y
0 maximum when; x=1 as — =-60
dx? O
9 O
d”y
and minimum when; x=0 as —= =6 H
dx?
y increases when; O0<x<Ll U
y decreases when; x<0 and x>1 E
Concave up when; x<l %
1 O
Concave down when; x> = H

0 Graph is sketched as shown in Fig. 2.10.

&
S
%
. g
maximum RS

4|5
atx=1 33

V)

Q

(AN _/ -
minimum at

»

EXAMPLE e Sketch the graph for the function: f(x) =|x + 3|(x +1).

@ SOLUTION Here; y=|x+3|(x+1) =0

0+ (x+

O x=-1-3 wh
2x +4; x=2-3

also; dy _DF2=x+4% x and

dx E—Zx—4; x<-3

Ox + 3)(x +1);

x=>-3

Ax+1);x<-3

en y=0
d’y O 2; x=-3
dx? %‘2; x<-3

sy x=5/3
K
b / Concave down Concave up -
when x < 4/3 when x> 4/3
Fig. 2.9
@) o {
%
®
%‘%
o ﬁ.’\(\g maximum
\(\0‘87
minimum (O [1/2
when x=0
..
.o 7,
...(i0) 2>
<— Concave up Concave down —»
x=1/2
(111) Fig. 2.10
...(iv)

..
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maximum gt x=-3

&
%)
(14
)
(<€)
<

3 -2

(<€)
<

~1

0 12

minimum at x=-3

Concavel down
x=-3

Fig. 2.11

Increasing when
decreasing when

Concave up

Xx<-3 or x>-20]

- 3<x<-2 0

0 ...(ii)

maximum at x = — 3]

- _ O
minimum at X = — 2[]

... (iii)

concave up when x< -3 [J

U
concave down when x > - 3

...(iv)

Note Above example could also be solved by using transformations discussed in later part of

chapter.

EXAMPLE o Sketch the graph for: f(x) = X+l
X

+3

(-8, —1/6)|minimum

Fig. 2.12

-1/6

+1 x=-1 whenyZOE
@ SOLUTION Here; y = 0 1 u (@)
2
x“ +3 y = when x =0
3 H
dy -x*-2x+3_-x+3)(x-1) Increasing when; - 3<x<1 O (ii)
dx (x% + 3)2 (x2 +3)2 Decreasing when; x < — 3or x > 1%
Y
12 maximum
(11 N
/1/3
t + + + + y + » X
‘5\‘4 3 2~ O 1 2 3 4 5



DU . . dy - + - O
sing number line rule for —, = : | >
E 8 dx dec”-3 Inc” 1 dec” E
also; d?y _ 2(x® +3x® - 9x - 3)
’ dx? (x% +3)°
2
minimum at Xx=-3 as; 4y - + 1 >0n
dx* 36
dzy 1 O ... (iii)
maximum at x=1 as; — 2 =_2<0 H
dx? 4

Note

detail refer chapter 3.

In above curve x-axis works as asymptote, i.e., the curve would never meet x-axis. For

_m GRAPHICAL TRANSFORMATIONS

Here, we shall discuss the transformations as;

®
(i)
(iii)
(@iv)
)
(vi)
(vii)

(viii)

f(x) transforms to f(x) + a
f(x) transforms to f(x + a).
f(x) transforms to (a f(x))
f(x) transforms to f(ax).
f(x) transforms to f(—x).
f(x) transforms to —f(x).
f(x) transforms to —f(—x)

f(x) transforms to | f(x) |

(ix) f(x) transforms to f(|x|).

(x) f(x) transforms to |f(|x|)].

(xi) y = f(x) transforms to |y | = f(x).
(xii) y = f(x) transforms to | y| = |f(x) |
(xiii) y = f(x) transforms to |y| = |f(|x|)].

(xiv) y = f(x) transforms to y = [f(x)].

(xv) y = f(x) transforms to y = f([x]).

(xvi) y = f(x) transforms to y = [f([x])].
(xvii) y = f(x) transforms to [y] = f(x).
(xviii) y = f(x) transforms to [y] = [f(x)].

(xix) y = f(x) transforms to y = f({x}).

(xx) y = f(x) transforms to y = {f(x)}.

(xxi) y = f(x) transforms to y = {f({x})}.
(xxii) y = f(x) transforms to {y} = f(x).
(xxiii) y = f(x) transforms to {y} = {f(x)}.

Where | » | means modulus or absolute value function.

Where [ ] denotes greatest integer less than or equal
to x.

Where {* } denotes fractional part of x.

OO0 MO0 moOooomOoo

H

(xxiv) y = f(x) transforms toy = f 1x), 1 (%) represents inverse of f (x).
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Now, we shall study the following cases as;

(i) When f(x), transforms to f(x) £ a. (where a is + ve)

ie., fx) & fx>y a
2 shift the given graph of f(x) upward through ‘a’ units
again, fx) 3 fx)-a
Q
] shift the given graph of f(x) downward through ‘@’ units.
&=  Graphically it could be stated as:
V) f
£ y=f(x)+a
: S
a
8 \ia }%»x where a> 0
—— a
o S~J_“y=fix-a

Fig. 2.13

EXAMPLE oPlot y=e* +1 vy =e* -1 with the help of y = €*.
@ SOLUTION We know; y =e* (exponential function) could be plotted as;

y
A y:eX
0 »> X
Fig. 2.14

O y =e* +1, is shifted upwards by 1  Alsoy =e* — 1, is shifted downwards by

unit, shown as 1 unit, shown as
y y
A y=e"+1 A y=e*
y=¢" .
y=e-1
1
1 >
1 1 . 1 t I} X
O
Fig. 2.15 Fig. 2.16
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EXAMPLE o Plot y =|x|+2 and vy =|x|- 2, with the help of y =|x|.
@ SOLUTION We know; y =|x| (modulus function) could be plotted as;

A
y=|x|=-x;x<0 y=Ix|=x;x>0

2

1

-2 -1 o 1 2

Fig. 2.17
O y =|x| + 2is shifted upwards by 2 units.

y=Ix|+2=-x+2; y=|x|+2=x+2;x>0

x<0
y=|x|==x; y=|x|=x;x>0
x<0
> X
Fig. 2.18
also y =|x| — 2is shifted downwards by 2 units.
y=Ix|==x;
x<0

y=|x|-2=-x-2;
x<0

Fig. 2.19

EXAMPLE e Plot y=sin'x;, y=(in"'x)+1 and y=(in"'x) - 1L
@ SOLUTION We know, y = sin™ x (Inverse trigonometric) could be plotted as;

y

A

w2 +

y=sin"'x;where -1 < x<1and
-2<y< 2
: | > X
-1 o 1

_Wz 4

Fig. 2.20
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O y = sin~! x + 1, is shifted upwards by 1 unit.
and y = sin”' x — 1, is shifted downwards by 1 unit.
(1, mM2+1) y= (sin'1x)+1

(1,m2)y=sin""x

(1, 72— 1) y=(sin""x) -1

(ii) f(x) transforms to f(x — a)

ie., f(x) - f(x-a); aispositive. Shift the graph of f(x) through ‘a’ unit towards right f(x)
transforms to f(x + a).

ie., f(x) - f(x a);aispositive. Shift the graph of f(x) through ‘a’ units towards left.

Graphically it could be stated as

Fig. 2.22

EXAMPLE @) roor y=x. y=|x-2| and y=|x+2|
@ SOLUTION Asdiscussed f(x) O- f(x - a); shift towards right.

0 y =|x — 2] is shifted 2’ units towards right.
(
y=[x==x;x<0 y=x=2||=-x+2;x<2 y=|x|=x;x>0
y=|x-2|=(x-2);x>2
2 2
2 2
2 > X
o 2 2




also

y =|x + 2] is shifted 2’ units towards left.

Y
A
y=lxa2|=-(x+2)x<2 y=M=-xix<0 | y=lx+2|=x+2ix>-2_
y=|x|=x;x>0
2 2
2 2
> 20 > X
Fig. 2.24
EXAMPLE @ Ploc y=sin[k- 70 and y=sin [+ T
@ SOLUTION As we know; y = sin x could be plotted as;
Vs
1 L 1
) 2 _ ) 2 ) 2 y=1
A A KA y=sin(x—T172)
! N ! 2 l\ \/ N - X
. /=2 3|\ Y Uy o N 3 2n \
= w4) - - \ - \ - \
Y Sm()\(j- /})/ \\\ _ 2 2 \\\ - 2 \\\ X_\l _
y=sinx y=sin(x-174) g : y=siT(x+ W4) y=sinx = y=-1
Fig. 2.25
EXAMPLE °Plot y:sin"lx; y:sin"l(x—l) and y:sin"l(x+1).
@ SOLUTION We know; Az
y = sin™' x could be plotted as shown in Fig. 2.26. w21 (1, 12)
O y = sin”! (x — 1) is shifted ‘1’ unit towards right.
> X
and y = sin~!(x + 1) is shifted ‘1’ unit towards left. -1 o 1
Shown as in Fig. 2.27. , 1,2 d —m2
A
P
y=sin"|(x+1) .
w2 y=din"'x |y=sinT'(x-1) Fig. 2.26
1 1/
< 1 1 -
-2 -1 (0 1 2
D E
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(iii) f(x) transforms to a f(x)

. N
ie., fx) & af(x); =2 1
(7)) Stretch the graph of f(x) ‘@’ times along y-axis. )
= 1
n fx)E =fx);=2 L
a
1]
6 Shrink the graph of f(x) ‘a’ times along y-axis.
)= Graphically it could be stated as shown in _
= Fig 2.28. Fig. 2.28
= 1
EXAMPLE Ploty =x; y =2x and ==X
8 o y y y 5
o @ SOLUTION  As we know graph fory = 2x.
O y = 2x; is stretch of f(x) ‘2’ times
along y-axis and y = %X; is shrink of f(x) 2’
times along y-axis.
Shown as in Fig. 2.29.
EXAMPLE ePlot y=sinx and y=2sinx
SOLUTION Weknow; y =sinx and f (x) - af (x)
O Stretch the graph of f (x) ‘@’ times along y-axis.
O y=2sinx 0O stretch the graph of sin x 2’ times along y-axis.
X
> y=2
2 y=2sin x
3 > y=1
y=sinx
- 2 o |w2 |° e
> y=-1
—1 y
_r > y=-2
Fig. 2.30
62 's

Above curve is plotted for the interval [- T, 11 as periodic with period 2.



EXAMPLE ePlot y=sinxandy=%sinx

@ SOLUTION As we know;

y =150
a

0 shrink the graph of f(x) ‘@’

times along y-axis.

1 .
O = —sinXx
y 2

O shrink the graph of f(x)

2’ times along y-axis.

(iv) f(x) transforms to f(ax)

ie., f(x)

Shrink (or contract) the graph of f(x) ‘@’

times along x-axis.

f(ax);

4

y=|sin x

Y =5isin x

%

]
AN

1

again fx) & f %x@ a>1

Stretch (or expand) the graph of f(x) ‘@’

times along x-axis.

Graphically it could be stated as shown in

Fig. 2.32.

/

y=fax) y=f(x) y=Ff(L1x)

//

/

wa/1/ a

> X

/—a /—1 /—1/a 6] -

EXAMPLE OPlot y =sinx and y = sin2x.

@ SOLUTION Here; y = sin2x, is to shrink (or contract) the graph of sinx by ‘2’ units along
x-axis. Shown as in Fig. 2.33.

Fig. 2.32

N
>y=1
om N ¢ 0 I T 3n i
2 2 >
> y=—1
Fig. 2.33

From above figure sin x is periodic with period 2mand sin 2x with period Tt
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EXAMPLE ePlot y =sinx and y=sin§.

@ SOLUTION Here; y =sin %Q is to stretch (or expand) the graph of sinx 2’ times along

x-axis. Shown as in Fig. 2.34.

Y\
L y=sin|(x/2)
y=sinx
21 3n -T _n o I T 3n 21
< 2 2 2 2
\
Fig. 2.34

From above figure sin x is periodic with period 2mand sin %@is periodic with period 41t

EXAMPLE ePlot y =sin™ x and y = sin™ (2x).

@ SOLUTION Here; y =sin™ (2x), is to shrink )\
(or contract) the graph of sin™' x 2’ times 2 ly=dn@x
along x-axis.
y=sin"1(x)
Shown as in Fig. 2.35.
A1 Ao 1 |
2 2
_n
2
Fig. 2.35

EXAMPLE @ pioc y=sin -1

@ SOLUTION Toplot y =sin™ % - 1@ We should follow as;

@ Plot y =sin"'x

(i) Plot y = sin”! %@, i.e., stretch graph ‘3’ units along x-axis.

(iii) Plot y =sin™ % - 1@, i.e., shift the graph (ii) by ‘3’ unit towards right.



(i) Plottingy =sin"'x: (ii) Plot y = sin"! %@
y

A A
n T
2 2
y= sin”x
/ y=sin""(x/3)
> X
-1 o -3 o 3 mX
/
_1 T
2 T2
Fig. 2.36 Fig. 2.37
(iii) Plot y = sin! % - 1@:
A
Tt
2 3 .
3 22— |0 1—3 3 4 5 6
5 o g
2
Fig. 2.38
(iv) f(x) transforms to f(-x)
ie., fx) &  f(-x)
To draw y = f(~ x), take the image of the curve y = f(x) in y-axis as plane mirror.
OR
“Turn the graph of f(x) by 180° about y-axis.”
Graphically it is stated as;
y
y=f(-x) y=f(x "
OR y=f(x
» X > X
(0]
y=f(=x)
Fig. 2.39
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EXAMPLE @) por y=e.

@ SOLUTION As y = e is known; theny = e™™ is the image in y-axis as plane mirror for y = e*;
shown as;

o

Fig. 2.40

EXAMPLE @) Plot the curve y = log, (- x).
@ SOLUTION Here; vy =log, (- x); is to take mirror image of y = log, xabouty-axis. Shown as;

y=logy(~x) y=logex

_—

»

(-1,0) o (1,0)

Fig. 2.41

EXAMPLE ePlotthe curve y:sin‘l(— X).

. SOLUTION Here; y = sin ! (=x); is  the
mirror image of y =sin™ (x) about y-axis.

Shown as in Fig. 2.42.

(vi) f(x) transforms to — f(x)

Le., fx) B - f(x);
To draw y = - f(x) take image of y = f(x) in the x-axis as plane mirror.
OR

“Turn the graph of f(x) by 180° about x-axis.”



EXAMPLE @9 piot the curve y = - e

Y -
@ SOLUTION As y =e" is known; 1
» X

0 y =-e* take image of y = e* in the x-axis as plane _/

mirror. \o

-1
y=—e

Fig. 2.43

EXAMPLE o Plot the curve 'y = - (log x).
A
y=log x
@ SOLUTION Asy = log xis given theny = - log xis
the image of y =logx in the x-axis as plane
mirror. 5 > x
/\y_logx

Fig. 2.44

EXAMPLE e Plot the curve 'y = — {x}; where { [} denotes the fractional part of x.
@ SOLUTION As y = {x} is known;

O y = — {x} is the image of y = {x} about x-axis as plane mirror.
y
A
1
ya{x}
BN 2N\ 1 0 1 2 =X
y=—{x}
-
Fig. 2.45

(vii) f(x) transforms to — f(-x)

ie., fx) & —f(=x);
todrawy = — f(-x) take image of f(x) about y-axis to obtain f(—x) and then take image of f(—x) about
Xx-axis to obtain —f(-x).

0 fx) L - f(-x)
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0 (i) Image about y-axis. (i) Image about x-axis.

Graphically it could be stated as;

Fig. 2.46

EXAMPLE (@) Plot the curve y = - e,

@ SOLUTION As y =e* is known;

X

(i) Take image about y-axis; fory = e™*.

.. . _ —x P — -X o
(ii) Take image of y = e ™ about x-axis; for y = — e *. 1 /-

Shown as in Fig. 2.47.

Fig. 2.47

EXAMPLE @) piot the curve y = - log(-x).
@ SOLUTION As y = log xis known;

(i) Take image about y-axis, fory = log(-x).

(ii) Take image of y = log(-x) about x-axis, fory = - log(-x).

Fig. 2.48



EXAMPLE e Plot the curve 'y = — {-x}. (where { [} denote fractional part).

@ SOLUTION  As we know the curve for y = {x}.
0 To ploty = - {-x}
(i) Take image about x-axis.
(ii) Take image about y-axis.

><

y={xi

= {x}

—{=x}

Fig. 2.49

EXAMPLE o Plot the curve fory = — [-x]. (Where [ [J denotes the greatest integer function.)

. SOLUTION As we know the curve for y = [x].
O to ploty = - [-x]
(i) Take image about x-axis.

X
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(ii) Take image about y-axis.

-4 3] =2 4 o 1 2| 3 4

-1

-2

-3

4

Fig. 2.51

(viii) f(x) transforms to |f(x)|; (where| ¢ |represents modulus function)
ie., fx) B [f&x)]
Here; y =|f(x)]is drawn in two steps.
(a) In the I step, leave the positive part of f(x), {i.e., the part of f(x) above x-axis) as it is.
(b) In the II step, take the mirror image of negative part of f(x). {i.e., the part of f(x) below
x-axis} in the x-axis as plane mirror.
OR
Take the mirror image (in x-axis) of the portion of the graph of f(x) which lies below x-axis.
OR
Turn the portion of the graph of f(x) lying below x-axis by 180° about x-axis.

Graphically it could be stated as
Graph of f(x) : Graph for |f(x) | :

>

y=1f(x)|

N NN

_/1 0 1\')( o ! ]

Fig. 2.52 Fig. 2.53



Note Above transformation of graph is very important as to discuss differentiability of f(x).
As from above example we could say y = f(x) is differentiable for all x O R — {0}.

But; y =|f(x)| is differentiable for all x OR - {- 1, O, 1} as, “at sharp edges function is not
differentiable.”

EXAMPLE ODraw the graph for y =|log x|

@ SOLUTION To draw graph for y =|log x| we have to follow two steps:
(i) Leave the (+ ve) part of y = log x, as it is
(i) Take images of (-ve) part of y = log x, i.e., the part below x-axis in the x-axis as plane mirror.

Shown as:
Graph for y =logx : Graph for y =|log x| :
Y,
A y
A
y=logx
/ y=|logx|
» X
(0] 1
» X
O 1
Fig. 2.54 Fig. 2.55
which is differentiable for all x 0 (0 ) which is clearly differentiable for all
x 0(0g0 ) — {1}. “as at x = 1 their is a sharp
edge”.

EXAMPLE eDrawthegraphfory =|x% - 2x - 3|

. SOLUTION As we know the graph for y = x2-2x-3=(x-3)(x+1is a parabola; so to
sketch y =| x? — 2x — 3| we have to follow two steps.
(i) Leave the positive part of y = x% - 2x — 3, as it is.
(ii) Take the image of negative partofy = x> — 2x — 3, i.e., the part below x-axis in the x-axis
as plane mirror shown as in Fig. 2.56.
Graph fory =x? - 2x-3=(x-3)(x +1) :

Y

minimum at x= —i
- 2a

D
4a

(1.4 and y=—

Fig. 2.56
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Graph for y =|x* - 2x - 3| :

Play with Graphs

N

W

-

Fig. 2.57

Clearly above curve is differentiable for all x DR - {- 1, 3}.

EXAMPLE e Sketch the graph for y =|sinx|.

@ SOLUTION Here; y = sin x is known.

0 Todrawy =|sinx |, we take the mirror image (in x-axis) of the portion of the graph of sin x

which lies below x-axis.

\ y=|sin x|
0 AN B R T N
‘\ / \\

From above figure it is clear;

\

Image of portion below
X-axis

Fig. 2.58

y =|sinx|is differentiable for all x OR — {n1g, ] integer}.

(ix) f(x) transforms to f(|x|)

ie.,

f(x) O

£CIxD.

If we know y = f(x), then to ploty = f(|x|), we should follow two steps:

(i) Leave the graph lying right side of the y-axis as it is.

(ii) Take the image of f(x) in the right of y-axis as the plane mirror and the graph of f(x) lying
leftward of the y-axis (if it exists) is omitted.

OR

Neglect the curve for x < 0 and take the images of curve for x> 0 about y-axis.

72



Graphically shown as;

y y
A A
y=f(x) y=f(|x])
Neglected

‘\ > X 0O »> X

—
Image of
f(x) about y-axis W
when x>0
Fig. 2.59

EXAMPLE o Sketch the curve 'y =log|x|

@ SOLUTION  As we know, the curve y =logx.
0 y =log|x|could be drawn in two steps:
(i) Leave the graph lying right side of y-axis as it is.
(ii) Take the image of f(x) in the y-axis as plane mirror.

y y
! y=log x ! y=log |x|
0 1 =X N\ O 1 X
Fig. 2.60
EXAMPLE o Plot the curve y = el*l.
@ SOLUTION  As we know the curve for y = e*. y
y‘ A "
y=¢€
y=¢€*
Image /\
for y=£f(x); x=0
(1,0)
neglect (1,0)
0 > X 0 »> X
Fig. 2.61 Fig 2.62

x|

O Toplot y=e
Fig. 2.62.

, neglect the curve for x < 0and take image about y-axis for x = 0. Shown as in
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EXAMPLE ePlotthecurvey = sin|x|.

@ soLuTION
y y
m A A
i neglected y=sinx y=sin|x|
1 T 0 /=X -\ 0 > X
3 A N N N
e y=sinx y=sin|x|
:'g Fig. 2.63
8 EXAMPLE o Plot the curve y =|x|* - 2|x| - 3.
O @ SOLUTION As we know, the curve for y =x? — 2x — 3is plotted as shown in Fig. 2.64.
y y
A y
y=x2-2x-3 E‘; y=Ix?-2[x-3
3
> X E > X
1\ o 1 3 " -3 ESECEE 3
—4 (1,-4) (1,-4)
Fig. 2.64 Fig. 2.65

O y=f(x]|), ie, y=|x|*-2]|x|- 3is to be plotted as shown in Fig. 2.65.

which shows y = |x|?® - 2|x| - 3is differentiable for all x R — {0}.

(x) f(x) transforms to |f(|x])|

ie., fx) O (x|

Here, plot the curve in two steps;

@) fx) ] () [f&)| & (x|
OR

@ fx B f(xP

Gy f(x) &> |f(xP]), ie, (viii) and (ix)
transformations.

Graphically it could be stated as shown in Fig. 2.66.
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y="£(x)

| o/uza
—_—

Fig. 2.66




@ y=[f&x]: Gi) y =|f([x]D]:
yu }"
=|f =|f
] y=|f(x)| ] y=f(x))|
y > X + V ¥ + » X
Ol 12 -1-1/2 [O1/2 1
Fig. 2.67 Fig. 2.68

EXAMPLE (@) sketch the curve for y =||x|* - 2|x| - 3].

SOLUTION As we know the graph fory = x? — 2x — 3, shown as;
® graph for y

y
A
y=x2—2x—3
»> X
-1\ O| 1 3
Fig. 2.69
@ y=x*-2x-3-y=|x*-2]x|-3. (i) y 7x|*-2|x|-3 - y =||x*-2|x|-3]
)
y A
1 i (1, 4) (1, 4) {
)
N
. . o
-3 Sl o [ s X X
4
3 | o | 3 > X
-3
—1,-4) (1,-4) -37
Fig. 2.70 Fig. 2.71
Clearly, above figure is differentiable for all
xOR-{-30, 3}.
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EXAMPLE (@) Sketch the graph for y = >

@ SOLUTION As we know the graph for y =e™*.

g N
y:

1\

5 > X

Fig. 2.72
. 1 .. 1 1
1 =e ¥ [ [S— ii —e*_ 2 [ e—|X| - .
@y ¥ 5 (i) y 5 \a 5
y y

12

\ —|092/\
> > X

fo) |092\ > X / (0] Iogz\\ y:ef‘x‘—%

-1/2

Fig. 2.73 Fig. 2.74
1
(i) y =| e M-
y 2
y
A
1/2
g1
y‘|e 2‘
—log2 O| log2 =X
—1/2
Fig. 2.75

(xi) y = f(x) transforms to |y| = f(x)
Clearly|y|= 0 O if f(x) < 0; graph of | y| = f(x) would not exist.
if f(x)=0; |y|=f(x)would be given asy = + f(x).
Hence, the graph of | y| = f(x) exists only in the regions where f(x) is non-negative and will be
reflected about x-axis only when f(x) = 0. “Region where f(x) < 0is neglected”.



OR

(i) Remove (or neglect) the portion of the graph which lies below x-axis.
(ii) Plot the remaining portion of the graph, and also its mirror image in the x-axis.
Graphically it could be stated as shown in Fig. 2.76.

Graph for y = f(x) :

=

LH yoi (1) =f

11 /—>— 11
1/2
> X >
0/1/21 ol /\ x
40 \ A
{ (1,-1)  mirrorimage
—_— 1 _regeeing [,

about x-axis.
Fig. 2.76
EXAMPLE oSketchthecurve v =(x-1Dx-2).
@ SOLUTION
As we know the graph for Oy x-DE-2)- Hl x-Dx-2)
y = (x - 1)(x - 2), is shown in Fig. 2.77. ,  asshown in Fig. 2.78.
% %
| | /\
() 1322 3 > X O/\‘I 2 \ | > X
\‘:/ i ' I . / 3
(3/12,-1/4) neglecting
Fig. 2.77 Image on x-axis,
when (x=1)(x-2) 20
Fig. 2.78

EXAMPLE o Plot the curve |y| =sinx
. SOLUTION Here, we know the curve for y = sinx.
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neglected

U
Image neglected

Fig. 2.80

EXAMPLE () Sketch the curve |x| +|y|=1

> X
21 — o 2 3 y=sin x
-1
Fig. 2.79
y =sinx [ |y sinx
y
A
1
—ZH/Q\—T[ o) T 2m3ﬂ' . x

2

-1 Image neglected Image neglected

@ SOLUTION  As the graph for y =1 - xis;
A
\1\
_#1 0 1\>X
y=1-x
F—1
Fig. 2.81
@M y=1-x0 ¢ 1-[x| () y=1-|x| & |y¥ 1-[x|
yA y\
/)6)
9,
L5, /%j—IXI or x|+ 1y| =1
b S
AN
M/ o \ o
> X x@ > (Y
L1 O 1 —1— S & %
& y=1-x| S d %
N N
Fig. 2.83
Fig. 2.82

78

Clearly above figure represents a square.



EXAMPLE (@ sketch the curve x| - |y| = 1.
@ SOLUTION  As the graph for y =x — 1is known;

A

Fit. 2.84
@ y=x-10 ¥ [x][-1 () y=[|x|-10. |y$ [x|-1
( /
N oA
s/ 0 Ny,
\@’b 6‘)% Do
O/(‘S) 1
o
Fig. 2.85 Fig. 2.86
(xii) y = f(x) transforms to |y| = |f(x) |
ie., y =f(x) - |yk |[f(x)]; is plotted in two steps.
(M) y=f® B ¥ [fX]
(i) y =] 0 | )]
Graphically it could be stated as;
y y y

A

Q
y=103) - y=1f00) y=1F9l - Iy1=Ifx)

(i (i) (i)
Fig. 2.87

A
/ y=£(x) \/ y =1f(x)| [yl =1f(x)|
/ > X 0 > X
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EXAMPLE (@) Plot the curve for|y| = ||

@ soLuTION Here; curve for y =e™* is shown as;

m o yn
=€
: y
1]
1 1\
(U 5 -x
=
S Fig. 2.88
3 Dy=e" O ¥ |7 ) y=e™ O | [e7F]
o A 5
y=le™|
1
1 Ws same O\ > X
Fig. 2.89 lyl =le™
Fig. 2.90
EXAMPLE (@) Plot the curve |y|=|e* - 1].
@ SOLUTION As we know the curve for y = e* is shown as;
A
Fig. 2.91
@A) y=e"3 ¥ e-1 (i) y=e"-10. ¥ [e*-1]|
g N py=le-)
1 t /e
» X » X
o neglected o
I T ] I
80 .



(i) y =|e*-1] - |y#

le*— 1.

lyl=1e"-1]

EXAMPLE () Plot the curve |y =

. 1
sinx +— |.
2

@ SOLUTION Here; we know the graph for y = sinx, is shown as

(i) y=sinx [ ¥ sinx %

(ii) y=sinx+% L ¥

y
A
]
/—2T[ = [e] T\/ZT[ > X
—
Fig. 2.95
1 1 y 1 1
1 1 k 1 1
E L 972 E E y=3/2
//\\ 1/2 \ // y=1/2
om0 mN Jer X
E — 17 E E y=-1/2
Fig. 2.96
. 1
sinx —
2
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<

(i) y =

A
/\ 3/2 y=3/2
\/ 172 y=12
n |t 0 7 o
y=-1/2
y=-3/2
Fig. 2.97
. 1 . 1
sinx +~| b |yf |sinx =
2 2
y
A
|y|:‘sinx+%‘
> y=23/2
y=1/2

A\

N/

o AN N e
\/

> y=-3/2

Fig. 2.98

(xiii) y = f(x) transforms to |y| = |f(|x |)|

ie., y=fx) 0 |w

The steps followed are:

® y=fx) & ¥

(i) y=lf®| 0 ¥

(iii) y =[f(IxD[ 3> |y#F
Graphically it could be stated as:

X

[f(x) .

[ f(x)].
[f(x D]
HGOI




Hy=fxE ¥ [f®] i y=[fx| & ¥ [f(Ix])] (@)
A n :
: )
~h
3 0 7 o > X E
9, o
&
<
_ )
Fig. 2.100 Fig. 2.101 =
Qo
i) y =[f(xPD[ & |yF [f(xD] -
Y =
: 5
i
o =X 0
Fig. 2.102 )
& =3
al
1
EXAMPLE Plot the|y| =| e - = |.
(1) 151 ) 3
@ SOLUTION Here; we know the graph fory = e, L
y
A
]
1) » X
Fig. 2.103
My=e D ¥ e*- 1 (if) y:e"x—% o ¥ e"""—%.
y y
A A
1/2
—log 2 log 2 .
{ g _/ o \
Ollog2™~___ -1/2
-1/2 y=-1/2
Fig. 2.105 83

Fig. 2.104



oy with Graphs

Gi) y=eM- Lo ¢ |eM_1] @ y=le-Llo |y [eM-1].
2 2 2
5 A
Z|eM_1
12 1/2 |y|‘|e 2|
—-log2 O log 2 =X o > X
12 -1/2
Fig. 2.106 Fig. 2.107
EXAMPLE @ Plot |yl =|log|x]].
o @ SOLUTION Here; y = log x is plotted as;
{
yﬂ?'
ol /1 > X
Fig. 2.108
(i) y=logx - ¥ loglx| (i) y =log|x| - ¥ |log|x]||
y\ "
\ / y=|loglx|
AN 0| /1 > 3N 0] AT i
neglected neglected
Fig. 2.109 Fig. 2.110
(i) y =|log|x|| &~ [y¥ [log|x||
Y,
A
lyl=1log |x|
/N\ O 1 =X
Fig. 2.111

84



EXAMPLE e Sketch the curve |y|=||x|* - 3|x| - 2|.
@ SOLUTION  As we know the graph for y = x? - 3x — 2.

A

BN

Fig. 2.112
() y=x*-3x-2-y=[x|*-3|x|-2 (i)
y
A
\ / > X

> <

-3
N
Fig. 2.113

y=Ix]* - 3]x[-2 -y =|Ix|* - 3|x| - 2].
i) [y | =[Ix|* - 3|x] - 2|

A

Y]

Fig. 2.114

Iyl =X~ 3|x| - 2|

N

Fig. 2.115
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(xiv) y = f(x) transforms to y = [f(x)]; (where [ < ] denotes the greatest integer function)

ie., fx) B [f(X)]

Here; inorder to drawy = [f(x)] mark the integer on y-axis. Draw the horizontal lines through

integers till they intersect the graph. Draw vertical dotted lines from these intersection points; finally
draw horizontal lines parallel to x-axis from any intersection point to the nearest vertical dotted line
with blank dot at right end in case f(x) increase.

OR

Step 1. Plot f(x).

Step 2. Mark the intervals of unit length with integers as end points on y-axis.
Step 3. Mark the corresponding intervals {with the help of graph of f(x)} on x-axis.
Step 4. Plot the value of [f(x)] for each of the marked intervals.

Graphically it could be shown as:

|
1A

Xy Xo X3 X X5 Xg X7 Xg

o

[T =10
—2

vyv Y \ Yy YVYY
Xy X5 X3 |1X X5 Xg X7 Xg

Fig. 2.116

EXAMPLE 0 Sketch the curve 'y =[sinx].
@ SOLUTION Here, sketch for y = sinxis shown as in Fig. 2.117.



>

> X
+——> y=sinx

Fig. 2.117

y =sinx - y =[sinx]

\
1
5 > X
-1 N> y=[sin x]
-3 S -2m_3Mm —m,__T| ,_ T 31 2n 51 31
2 2 2 2 2 2

Fig. 2.118
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EXAMPLE e Sketch the curve y = [x2 — 1]. (where [ [J denotes greatest integer function).
When — 2< x< 2.
@ SOLUTION Here y=x>-1
could be plotted as shown in Fig. 2.119. hy=x*-10 ¥ [x*-1]

% 7

w

[é%)

N

N

-

N
Q
=
V]
%]
N
\/
x
I
N
N
I
N
Q
=
\S)
@3]
N

—2[-2H

y=[x¥*-1]—2<x<2
Fig. 2.120 87

Fig. 2.119



Play with Graphs

EXAMPLE e Sketch the curve; y =[42— x2]; where [ denotes the greatest integer
function.
@ SOLUTION Weknow, y =+2- x> represents a circle for y = 0.
Shown as in Fig. 2.121.

—— y=V2—-x2

—v2 |- 0 1 vz X
Thus, the graph fory = [J2 -x?] y
A
V2
T — y=[v2-x2]
4 >—6——> X

V2 -1 0 11 V2

Fig. 2.121

(xv) y = f(x) transforms to y = f([x])
Here, mark the integers on the x-axis. Draw vertical lines till they intersect the graph of f(x).

From these intersection points draw horizontal lines (parallel to x-axis) to meet the nearest right
vertical line, with a black dot on each nearest right vertical line which can be shown as in Fig. 2.122.

y = f(x)
y =f([xD
y
A
» X
-5 -4 3] -2 - R 2 3 4 5

Fig. 2.122



7.\
\/
>

Fig. 2.123

OR
y=fx) B ¥ f(xD

Step 1. Plot the straight lines parallel to y-axis for integral values of x

(say-3,-2,-1,0,1,2,3,...)

Step 2. Now mark the points at whichx=- 3, x=-2 x=-1,x =0, x =1, ...on the curve.

Step 3. Take the lower marked point for x say if n < x < n + 1 then take the point at x = n and
draw a horizontal line to the nearest vertical line formed by x = n + 1, proceeding in this way we get
required curve.

EXAMPLE Q Plot the curve 'y = el
@ SOLUTION Here the graph for y = e is shown as;

y /y= e*
A

Liyz el

Fig. 2.124

EXAMPLE e Sketch the curve y =sin[x] when -2T<x<2T

@ SOLUTION The curve for
y = sin[x]; could be plotted as shown in Fig. 2.125.

89
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> X
°/
y=sinx

Fig. 2.125

EXAMPLE e Sketch the curve for y = cos[x]; -TT<x< T
o @ SOLUTION The curve for y = cos[x] could be plotted as;

y=sin[x]

y
A
y=cos [x]
v
Y—s 2| /-1 o 1 2 3|
Fig. 2.126

EXAMPLE oPlotthecurve y:[x]z; -2<x< 2.

@ SOLUTION The curve for y =[x]*; -2< x< 2could be plotted as;

A

Fig. 2.127

(xvi) y = f(x) transforms to y = [f([x])]
Here, we should follow two steps;




@ y=fx & ¥ {(xD
(i) y ={([xD O- ¥ [f([xD]

EXAMPLE o Sketch the curve y = [sin[x]]; where [ J denotes the greatest integral function

when 0< x< T

. SOLUTION Here; first we shall plot the curve for y = sin[x], when x (1[0, T1.

X X
ﬁy:sin[x];og(sn
sin 2 sin2
sin 1 sin 1
sin 3 sin3
> X
(0] 1 2 |3 |1t (0] 1 2 13 |1t
y=[sin[x]];0<x<m

Fig. 2.128

From above figure we conclude that;

when O<sx<mt 0O y=sin[x] O[O 1).

0 y =[sin[x]] 3» O forall 0<x<T

EXAMPLE OPlotthecurve y =[e™]; when - 4<x < 2.

. SOLUTION Here to sketch y = [e™7], we should follow the steps as;
(i y=e"

(i) y=e™
(i) y =[e™]
@ y=¢ (i) y = e
y‘ f A
(2 €
4,,
3 7
1 (161 )2-7 (1.6
—2—) 1=
2/“'@ sty B Ao
€
1) 1
o1y (-1,—%) -4 3] 2] - o 1 2
(_371_3)( 2,75) e (0,1)
e
» X
-4 -3 —2‘ —1‘ o) 1 2
Fig. 2.129 Fig. 2.130
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(iii) y =[e™]; from Fig. 2.130.

A
lh<e<1; x<0
e[X]=E¢[X]=1 : 0<sx<1 el
Ll = :
Eﬂ =27 ; 1<x<2 ol y=[eM]
Thus; y =[e™)]
[D; x<0 4 3 2 -1 0 1 2 =X
Oys= %1; 0< x<1 shown as in
F2; 1sx<2
Fig. 2.131. Fig. 2.131

Graph for; y = e when x<2.

(xvii) y = f(x) transforms to [y] = f(x) / Graph of Candles
Here, to plot[y] = f(x); we check only those points for which f(x) [ integers, as[y] [integers for

all x.
Thus; [y] = f(x) represents only integral values of y. Here, domain of f(x) are set of values of x

for which f(x) Ointegers.

EXAMPLE (@) sketch the curve;

[y] =sinx.
@ SOLUTION  As we know; — 1< sinx < 1but since; [y] =sinx.
O sinx = - 1, 0, 1 are only solutions;
or X = %T ODomain of [y] = sin x.

Thus, [y] =sinx is shown as in Fig. 2.132.
Graph for y =sinx:

A

Fig. 2.132



Graph for [y] =sinx:

>

Ly e

A 1 E
(10, 0) (2m 0)
> X

From above figure, (the points marked O, A, B, C, D, E, A',B',C,D,E ,..

candles), or graph for [y] = sinx.

' Ol(o,
B A’I 0,00 B CI D \
)

Fig. 2.133

[y]=sin x

is the graph for

EXAMPLE @) Sketch the curve [y] =sin™' x
@ SOLUTION As we know the graph for y = sin™ x; shown as in Fig. 2.134 and 2.135.

Graph for y = sin”’ x;

y
A

w2

—1sin(-1

Fig. 2.134
From above figure, [y] = sin x.

(xviii) y = f(x) transforms to [y] = [f(x)]

Graph for [y]=sin"' x;

N
2T v
2
Cl(sin1,1)
1
, B[(0,0) . x
-1 [-sin1 |O sin1 1
A -1
(=sin1,-1)
-T2
Fig. 2.135

As we have earlier discussed y = [f(x)], i.e., transformation (xiv), and we know [y] implies

only those values of x for which f(x) Ointeger.

EXAMPLE o Sketch the curve; [y] =[sinx].
. SOLUTION To sketch the curve [y] = [sin x] we first plot y = [sin x].
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(i) Graph for y =[sin x]

(ii) Graph for [y] =[sinx]

From above figure it is clear [y] = [sin x] is periodic with period 2Tt

A
2
1
s . s > X
-3 =217 —TU O n 21 | 31
1=
Fig. 2.136
y
A
2
(F3172, 1) 1 (2, 1) (512, 1)
-31n =21 —TU (0] T 2 | 31 4n > X
—1
Fig. 2.137

(xix) y = f(x) transforms to y = f({x}); (where { [} denotes fractional part of x,

i.e., {xX} =x-[x])

f(x) O

f({x})

Graph of f(x — [x]) or f({x}) can be obtained from the graph of f(x) by following rule.
“Retain the graph of f(x) for values of x lying between interval [0, 1). Now it can be repeated for

rest of the points. (taking periodicity 1).
New obtained function is graph for y = f({x})”".

Graphically it could be stated as;

Graph for y = f(x)

Graph for y = f({x})

y“ y‘ neglecting

12 m 4 %
/5 2 21 o 1 2 3 4\ ;X ) fi 2 10 1 2 3 4

Fig. 2.138 Fig. 2.139



EXAMPLE (@) Sketch the curve y = (0 - D*.
@ SOLUTION Here, we know the curve for y = (x— 1)? shown as;

Graph for y = (x - 1) Graph for y = ({x} - 1)*:
y y
A
y=(x-17

1
1 2
yx({x-1)
5 o 1 2 x > X

-3 2 -1 0 1 2 3 4
Fig. 2.140 Fig. 2.141

Now; to plot y = ({x} - 1)? retain the
graph for the interval x ([0, 1) and
repeat for length ‘one’.

EXAMPLE @) Sketch the curve |y| = ({x) - D*.

@ SOLUTION  As discussed in above example y = ({x} — 12
Thus, |y|=({x} - 12 is image of ({x} — 12 on x-axis whenever ({x} — 1)? is positive.
Graph of |y | = ({x} - 1)*:

Y
A

-1

Fig. 2.142

X

EXAMPLE @ sketch the graph of y = %

@ SOLUTION  As we know 2% is exponential function and we want to transform it to 2" it retain
the graph for x ([0, 1) and repeat for rest points.

Graph for y = 2* Graph for y = 21¢
To retain graph between x (1[0, 1).

Y y

A y= oX A
2| 2

vE otx
1 1
> X 53 2 10 1 2 3 4

o 1

Fig. 2.143 Fig. 2.144
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(xx) y = f(x) transforms to y = {f(x)}

Here, plot the horizontal lines for all integral values of y and for the point of intersection on
y = f(x) plot draw vertical lines and translate the graph for boundary y =0 and y =1

EXAMPLE o Sketch the curve y = {sinx}. (where { [} denotes the fractional part of x).

@ SOLUTION  As we know the graph for y = sinx. Shown as.
Graph of sinx :

y=sinx
> X

Play with Graphs

Fig. 2.145

As to retain the curve when 0 < y < 1; and shift other sections of graph betweeny = 0toy = 1.
Graph for y = {sinx} :

Y
1
1 l 1
\ / ot \ / \ / Asitis
-3\ | gm g\ [ x| O & nl| [3r| Jlansr [3m >
J2)/| 2 p 2 2 2
—1
Fig. 2.146
EXAMPLE (@) sketch the curve y = {x*}.
. SOLUTION As we know the curve y = x2, is shown as:
yA
5 o
T
3
2
1
T — » X
23~2-1 O 1 v2v3 2
96

Fig. 2.147



Now to sketch y ={x?}; retain the graph for 0<y <1 and for other intervals transform the
graph between 0<y < 1.

%
5
4
3
Translated
5 between
O<sy<1
v 1 v
~—t— — »> X
2-3—2-1 9 1 y2v3 2
Fig. 2.148
EXAMPLE () Sketch the curve y = {e).
@ SOLUTION  As we know the curve y = e*;
shown as: Graph for y = {e"} :
To retain the graph for 0<y <1 and transform
3‘ the othersto 0< y < 1.
Y
2 3“
! 2 Transformed
«— between
> 1 O0<y<1
(0] log2 log3 .
_ Retaned 1 3 y=1"
> X
Fig. 2.149 O|  log2 log3
Fig. 2.150

(xxi) y = f(x) transforms to y = {f({x})}

Here, we have to follow two steps :
(i) Draw the graph for y = f({x}).
(D) f{xH) B {f{xH)}

EXAMPLE o Sketch the curve 'y = {e¥y.
@ SOLUTION  As we know the curve for y = e*, is plotted as shown in Fig. 2.151.
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Graph for y = *: Now to sketch y = e'® retain the graph for
y = e* between 0 < x < 1and repeat for entire
i real x.
Graph f =¥,
2 o raph fory =e
Y,
Q : |
1] 1
6 e
o 1 =X ]
-
= _] _
; Fig. 2.151 o A o 1 2 3 X
§ Fig. 2.152
a = (o0
Graph fory ={e'¥}:
y
A
e
/k po /\. po p= C !
/| 7 /| 7 7
/ / / 2 / // // /
/7 /7 /7 /7 ' ' /7
/,/ /,/ /,/ 1 /,/ /,/ /,/ /,/
i v v i v Y v v
y={e"}
» X
-3 -2 -1 -og2|0 log2 1 2 3 4
Fig. 2.153

Here, we know the graph for y = ' now to plot straight lines || to x-axis for integral values of y
and retain the graph for 0 < y < 1and transform the others between 0< y < 1.

EXAMPLE e Sketch the curve 'y = {sin{x}}.

@ SOLUTION  As we know the curve y = sinx; is plotted as;
Graph for y =sinx :

AN/ANVAW
V4 U/

Fig. 2.154
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Graph for y = sin{x} : n
% &

1 .

sif|1 2

3N\=2/ 10/ 1] 2| 3\ |4 |5 - -

o®

N_/ N m

=

Fig. 2.155 2

Graph for y = {sin{x}} : 3
From above figure =)
y=sin{x} 0O O<y<Ll /7]

, =R

A 0

19 -

sin1 5

y={sin {x}} m

413 =2/ —1| O] 1] 2[ 3] 4 =X g.

=

Fig. 2.156 0

So, the graph of y = sin{x} and y = {sin{x}} are same.

(xxii) y = f(x) transforms to {y} = f(x)

Here; retain the graph of y = f(x) only when y = f(x) lies between y [0, 1) and neglect the
graph for other values.

Graphically it could be stated as;

neglected

Graph for y = f(x)
M ]

/ \ / \7 Graph for {y} = f (x)
‘ > X

Fgi. 2.157
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Play with Graphs

100

EXAMPLE @) sketch the curve {y} = x2
@ SOLUTION  As we know the curve fory = x?, is plotted as:

Graph for y = x*:

><

-1 O 1

Fig. 2.158

Graph for {y} = x*:

y
A
3 8
% &
(0% <
1
yt=x?
t » X
-1 O 1
Fig. 2.159

EXAMPLE e Sketch the curve {y} = sinx.
@ SOLUTION  As we know the curve y = sinx, is plotted as shown in Fig. 2.160 and 2.161.

Graph fory =sinx :

y

A

A

/

—3Tr\/—2n —T o)

[\
A

Fig. 2.160

Now to sketch {y} = sinx: We retain the graph for 0<y <1 and neglect the graph for other

values.
Graph for {y} =sinx:

y
A
/“\ /“\ /\y}:sinx
x\«ef x‘wf[ !\u B
neglected
Fig.2.161



(xxiii) y = f(x) transforms to {y} = {f(x)}
As we have earlier discussed y ={f(x)} (i.e., transformation (xx), which shows y = {f(x)}
belongs to [0, 1) O {y¥ {f(x)}. Thus, the graph of y = {f(x)} and {y} = {f(x)} are same.

EXAMPLE o Sketch the curve {y} ={x}.

SOLUTION As we know the curve fory = x. Graph fory ={x} :

y
y y
A A
1

1
2 o 1 =X yq¥
-3/ -2 -1 o 1 2 =X
-1
—2
Fig. 2.162 Fig. 2.163

Graph for {y} ={x} : From above figure we can see y = {x} attains all values between [0, 1).
Thus, graph remains same.

W=
-4 8] 2] A o 1 2 3

Fig. 2.164

EXAMPLE e Sketch the curve {y} ={cos x}.
@ SOLUTION  As we know the curve y = {cosx} is plotted as shown in Fig. 2.165.

y
A

_5m 3n —

[T
(SIE

Fig. 2.165
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Play with Graphs

102

From above figure; y ={cosx} lies between [0, 1), which shows y = {cosx} and {y} = {cosx}
are same.

Thus, graph for {y} = {cos x}:

=

\/

\/ (v} ={cos x}
» X

Fig. 2.166

(xxiv) y = f(x) transforms to y = f~'(x)
As discussed in chapter 1. y = f ™ (x) is the mirror image of y = f(x) about y = x.
OR
“Interchange x and y-axis when function is bijective.”
Graphically it could be stated as :

y y=1(x)
Ay=x
//
] y=T0
7
7
Z »
~70 X
7
7
e
4
7/
7
4
7
7
Fig. 2.167

m SKETCHING h(x) = MAXIMUM {f(x), g (x)} AND h(x) = MINIMUM {f (x), g(x)}

(i) h(x) = maximum {f(x), g(x)}

_ 0(x); when f(x) > g(x)

: P09 = E0: when g0 > £

O Sketch f(x) when its graph is above the graph of g(x) and sketch g(x) when its graph is above
the graph of f(x).

(ii) h(x) = minimum {f(x), g(x)}

0 hx) = %f(X), when f(x) < g(x)
[g(x), when g(x) < f(x)

O Sketch f(x) when its graph is lower and otherwise sketch g(x).



Note One must remember the formula we can write;

maxifo, goop = T+ 80D | 100 - 8(0)

2 2
. f(x) + g(x f(x) - g(x
min €60, goop = [0 W _[ 00~ &)

2 2

OR
“To draw the graph of functions of the form

y = max {f(x), g(x)} or y=min{f(x),g(x)}.”

We first draw the graphs of both the functions f(x) and g(x) and their points of intersections.

Then we find any two consecutive points of intersection. In between these points either
f(x) > g(x) or f(x) < g(x), then, in order to max{f(x), g(x)} we take those segments of f(x) for
which f(x) > g(x), between any two consecutive points of intersection of f(x) and g(x).

Similarly, in order to min {f(x), g(x)}, we take those segments of f(x) for which f(x) < g(x),
between any two consecutive points of intersection of f(x) and g(x).

EXAMPLE @ sketch the graph of y = max (sinx, cosx, O 50 [ 1 2]

@ SOLUTION First plot both y = sinx and 5
y = cosx by a dotted curve as can be seen ]
from the graph in the interval F-1g 3n
2 "B\
4
and then darken those dotted lines for = IR ) T‘[\\ = "
which f(x) > g(x) or g(x) > f(x). r[\A/ 2 2\ 2
4 N /’ Mo Se o
From adjacent figure the point of o —1
intersections are A, B, C.
Fig. 2.168
0 Graph of max {sin x, cosx}
y
A
B y=max.{sin x, cos x}
— /716 E o B > X
2 2 2
A C
Fig. 2.169

EXAMPLE o Sketch the graph for y = min {tanx, cot x}.

. SOLUTION First plot both f(x) = tan x and g(x) = cot x by a dotted curves as can be seen from the
graph and then darken those dotted lines for which f(x) < g(x) and g(x) < f(x).
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1 1 1 Al 1 1 1
1 1 I 1 I 1 I
1 1 I 1 I 1 I
1 1 I 1 I 1 I
1 1 1 1 1 1 1
\ \ 1 \ 1 \ 1
\ Vo Voo Voo
\ (. v (.
\ \ 7 \ 7 \ 7
B D F
3anf s, /-m _T (e} o~ AT 3 =X
2 A4 2 A4 2 \N 7 ?
A C E
Fig. 2.170
From above figure we obtain the graph of min{tan x, cot x}.
Graph of min {tan x, cot x} :
y
A
1
3n -1 _1 o) T T am
2 2 2 2
-1
Fig. 2.171
EXAMPLE e Sketch the curve y = min {|x |, |x - 1|, |x + 1|}
[ fS()(?!.UTION First plot the graph . Y, v=lxa
: AN 4 =
y=Ix), y=lx-1] y=lx+1] SO
by a dotted curve as can be seen N \\ 4 , y=lx=1i
from the graph and then darken ‘\ o2t / /’
those dotted lines for which SR //’ R
N
x| < {lx =11, x + 1) N
No
|x = 1| <{[x],[x +1[}
and |x +1|<{|x]|,|x-1|} 3 2 41 |01 1 > 3
Graph for 2 2
y=Ix[, y =[x-1],y =[x +1].
Fig. 2.172



As from the above curve graph for y = min {|x - 1|, | x|, | x + 1|} is plotted as;

A .
£
\4x \‘jj/
A +
\\_,_ \\
\/: % y /\+/
+\\ X+ XA~ N
7
¥ t t t > X
3 2 1.1 91 1 2 3
2 2
Fig. 2.173
From above figure;
O-(x+1); x<-1
O 1
x+1) ; -1<sx<-=
O 2
0 1
E—(x) ;0 —=—<x<0
min {|x - 1], [x], [x+ 1]} =0 S
Etx) ; 0<x< =
2
O 1
1l -x) ; —<x<1
O 2
Hx-1 ; x>1
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_m WHEN f(x),g(x) O fO3 gOxF h(x)

There is no direct approach; but we can use following steps if minimum or maximum value of any
one is known.

Step 1. Find maximum and minimum value of g(x) say; a < g(x) < b.

Step 2. Plot the curve h(x) = f(x) + g(x) between f(x) + ato f(x) + b.

ie., fx)+as<shx)<f(x)+b

Step 3. Checkg(x)=0 O h(x)=f(x).
Step 4. Wheng(x)>0 0O h(x)>f(x).
Step 5. Wheng(x)<0 O h(x)<f(x).
EXAMPLE o Plot the curvey = x +sinx.
@ SOLUTION Here, y =x +sinx =f(x) +g(x)

as we know; g(x) =sinx O[- 1, 1]

a x-1<sy<x+1 ...(D)

O To sketch the curve between two parallel linesy = x + landy = x — 1 (called bounded limits)

also; gx)=0 0O y=x ...>40)
g(x)>0 0 y=x+sinx>x ... (iii)

105



g(x)<0 0 y=x+sinx<x ...(iv)
Using Egs. (i), (ii), (iii) and (iv), we get
y=x-1
y=x //4
y=x+14 .

R (312, 3112 - 1)

Play with Graphs

14 , ’
// // //
Y 7 V2
/// // 7
# - > X
312 - —m2| ST /0,01 w2 m 312
// /// ///
// // _1/"/
// 7 //
// // //
Y 7 7
Y // -
// 7
A2, 2 1)
4 7

(312, -312 + 1) [A (b -m)

7 ’
’
s s 7
’ , s
4 ’
, ’

Fig. 2.174

_m WHEN f(x), g(x) 0= fOl g0 h(x)

There is no direct approach but we can use the following steps if minimum and maximum of any
one is known.

Step 1. Find the minimum and maximum of any one of them say a< g(x)<b.
Step 2. From step 1; ad(x)<shxx)<bd (x)
Step 3. Check gx)=0 O hx=0.

EXAMPLE o Sketch the curve;  y = xsinx.
@ SOLUTION Here; y = xsinx;

where, —-1<sinx<1

O -X<y<x ...(3)

also; sinx =0

] x==-21m - 10 T2 1..

0O y =0 when
Xx==-21 - 10, TI... Fig. 2.175
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oT
5
T 3m

=-X when x=-—,—, ..
y 27 2

and y=Xx when x=

O]

B

sinx

EXAMPLE o Draw the graph of the function'y = .
X

@ SOLUTION Aswe know; -1<sinx<l O y= S Jies between 1 to 1
X

X X
or to sketch the curve where - 1 <y< 1 (D
X X

Here at x = 0; y is not defined but as;
xd 00 =y ¥ 1 .. (i)
X
also; y=0 at x=nm; nQz-{0} ... (i)

Using Egs. (i), (ii) and (iii), the curve could be plotted as;
Y,

A
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Fig. 2.176

EXAMPLE eDraw the curve: y =e *sinx

Y,
@ SOLUTION  As we know; . AN A
N
-1<sinx<1 >~
\\
O y = e* sinx y=e7sinx .
0 —eFsyse® @) , PN
—2n - o) I ‘om _ —é-n\—’ﬁﬁ -
Thus, y is bounded between _--
=—-e* and y=e". >~
//
Shown as in Fig. 2.177; L’ -
¥ y=-—e%

. 107
Fig. 2.177



Play with Graphs
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6 ,/ SOUEUORESOF/EDNEXAIUREES

EXAMPLE o Sketch the curves of the following :

Dy =4x-I[x] ) y =[xl +x-[x]

(iii) y =|[x] + x—[x] |; where [ * ] represent greatest integer function

@ SOLUTION (i) As we know that;

0<x-[x]<1 forall xOR.
Also, for any x [0, 1), we have

XZSXS\/;
O X - [x] < 4x - [X]
D|:L/x+1, when —-1<x<0
Vx , when 0<x<l1
Now, y=4yJx—-[x] =0
x—-1, when 1<x<2

O
>
|
N

when 2<x<3 ..andsoon.
Thus, from above we have to plot;
y =x, when 0s<x<1
y=4x-1, when 1<x<2
(i.e., same as shifting +/x towards right by 1 unit.)
y=4x-2, when 2<x<3
(i.e., same as shifting ~/x towards right by 2 units)
O the curve for y = \/x — [x] is periodic with period ‘1’. Shown as in Fig. 2.178.

y
A
]
ﬁ;ﬁ;ﬁ W  Six w-z/‘x—s
5 2 4 o T 2 3 =
Fig. 2.178
(ii) As we know; y = [x] +/x - [x]
EL1+\/m, when-1<x<0
X , when 0<x<1
O y=0

+yx-1, whenl<x<2
%2+4/X—2, when 2<x< 3 ... and so on.



Thus, the graph for y =[x] + /x — [x] is obtained by the graph of y = \/x — [x] by translating
it by [x] units in upward or downward direction according as[x] >0 or [x]<O.

Thus, the curve for y =[x] +x - [x]

A

W

3+Vx—

\V]

2+ NVXx—

—_

1 1+Vx—

Fig. 2.179

From above curve we could discuss that;
y =[x] + 4/x — [x] is continuous and differentiable for all x.

(iii) The graph fory = ‘ [x] +x - [x] ‘ is obtained by reflecting the portion lying below x-axis of
the graph of y = [x] + /x — [x] about x-axis and keeping the portion lying above x-axis (as it
is).

Thus, the graph for y = ‘ [x] ++/x - [x] ‘ .

Ya
4 8 2 A0 1 2 3 &
Fig. 2.180
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EXAMPLE @) Sketch the curve y = (1 - x¥*)¥

@ SOLUTION Here;
(a) f(-x) =f(x) O even function or symmetric about y-axis

/1)

'& (b) When
1"
6 (o)

£

B (d)

=

o (e

From above;

x=00 v 1 O
y=00 =% IE
Domain O[- 1, 1] O
Range [J[0, 1] %

d—y>0 when x O[- 1, 0] =
dx %
dy
—~ <0 when x 0[O0, 1] U
dx Ei
2 O
d%> 0 when x O[- 1,11 O
dx 0
y
A
1
y= (1 _X2/3)3/2
1 (0] 1
Fig. 2.181

EXAMPLE e Sketch the graph for 'y = (x - Dx*?.

@ SOLUTION In y =(x- 1)x¥3
(a) Not symmetric about any axis or origin.

(b)

(0

(d)

110

as x=00 ¥ 0 QO
as y=00 = 0,18

Domain R[]
Range JR E

dy _ v, 2(x-1) _5x-2
dx X 3x1/3 - 3x1/3

C1—y>0, Whenx<00rx>gD
dx =
d 2 =
Y <o wheno<x<2 O
dx 5 H

..@
...

... (iii)

...(iv)

...(v)

..
... (i)

... (iii)

...(Av)
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U 13 1 230 y
d’y 1 X [b- (5x - 2)§(X) 0 A .
(e) 5 = =0 73 0 y=(x=1)x
dx® 3 X 0
0 0
_ 10x + 2 i o i o
ox*/? —2/5 o5 /1
2 0 i i
dy>0, when X<—EOI’X>OE | :
O d); > 0 (v .
LZ<O, when—g<x<0 E '
dx > Fig. 2.182
)
Thus, curvefor y =(x-1) x%¥3 is shown in Fig. 2.182.
EXAMPLE (@) Draw the graph for:
@ y=1-|x-1]| @ [yl =]1-|x-1f|
@ SOLUTION  As we know the graph for y =x -1
y
3 y=x-1
0/1 i
A1
7/
7/
7/
/
/7
/7
Fig. 2.183
@y=x-DE ¥ |x-1] ®y=x-11F ¥ —|x-1]
Y Y

A

Fig. 2.185
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@y=-[x-1]0 ¥ 1-|x-1] dy=1-|x-1]0. ¥ [1-|x-1]|

7 y

"l Nl y=11-x=1]

+ » X
t ¥ » X
O 1 2 0 ] 5
y=1-|x-1]

Fig. 2.186 Fig. 2.187

@ y=[1-[x-1][ B |y$ [1-]x-1]|

A

Play with Graphs

yl=11=lx=1]]

Fig. 2.188

EXAMPLE o Draw the graph for:

M y=2- !

|x-1]
@ SOLUTION We know the graph fory = 1 is shown as;
X

2— 2

(i) y =

@ |y|=

1
|x-1]| |x - 1]

y

Fig. 2.189

112



1
@y=-0L ¥
X

»

(01 _1) \
x=1

Fig. 2.190

c = [N -
@y -1 \a

» <

.-

x=1
Fig. 2.192
1
(e y=2- -
Tk x- 1]
y
A
<\1
o 1
2
x=1
Fig. 2.194

(b) y= !
X

/ (2,1)

x=1

Fig. 2.191

y=- . 2
TS TR A P Y
Y B 1
<-\‘ =2
1\ 2,1)
0 1\ 35 i
1 2 2
x=1
Fig. 2.193
Oy =[2- ly4 [2- 1
|x-1| |x - 1|
1
) |y|=|2_|x—1||

1
2
X

=1
Fig. 2.195
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EXAMPLE (@) sketch the graph for:
() y=e e (i) y =1 +e - e
GiD) |y =[1 + e — e7¥| ) |yls|1+ e —e™|
@ SOLUTION
() Here y=eM—-e™*
e* —e™; x20

O y=0
7 x<0
B —e*; x20
y=04
0 ; x<0
To discuss; y=¢e -¢e*

(i) when x=0 0O ¥ O0(t passes through origin)
(i) when y=0 O e*—-% 00 =x 0
(iii) f(-x) =-f(x)

Play with Graphs
%I

as y=f(x) =e* -e*
O f(-x)=e* —e* =- f(x);
it shows y =f(x) =e* — e ™ is odd function, i.e., symmetric about origin.
(iv) y=¢e*-e*
O d—y:e"+e”‘:ezx+l>0 forall xOR.
dx e

0 vy is increasing for all x.
dzy _ < x eZX _ 1

“ w ST T
d?y
O — >0 when x>0; concave up and increasing .
dx
d?y
also —-- <0 when x<0; concave down and increasing from above discussion
dx

y = e* — e ¥; is plotted as shown in Fig. 2.196.

Recall : Increasing

y
A
o\“(\
QO) Q@é
5/8 &
A &
1 &)@ Q
e——+ /O A
e| /8§ Y
S s
OO
> X
-1 O 1
o/$ 1
/s |1
of ¢
NS
S
O —
y=e"~e™;x0R
Fig. 2.196
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Now; Ku
=e“-e%x=20
_ o x _ BT -eT x20 ymemen
y=¢e¥ —e —Ep 0 0 y=e¥_ex
;0 x<0.
Thus from Fig. 2.197. y=0,x<0 o
(0,0)
Fig. 2.197
(ii) Plotting of y =|1+eM —e™|
0\ N
y=1+€—eXx=0 y=[1+eX-e™
y=1;x<0 1 1
0 » X 0 » X
Fig. 2.198 Fig. 2.199
From above Fig. 2.198.
y=el_e*m ¥ ¥ e _e
0 y_gl+ex—e‘x; x=20
1 ; x<0
Thus, the graph for; y=[1+eX - e
is same as; y=1+ el _ex {as y = 1for all x OR}

0 Graph fory =[1 + e/*l — ¢7¥|is shown in Fig. 2.199.

(iii) Plottingof |y|=|1+eM -e™|

Y
y=1+€&"~e*x20
y=1;,x<0 1
o > X
—1
y=-1;x<0
y=—(1+€&-e7);x20
Fig. 2.200
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(iv) Plottingof |y|<[1+eM —e™|

From above figure check any point say
0,0

0 0<|1| (True,
towards (0, 0).

thus to shade area

From given figure shade part represents
the area bounded between two curves.

o Sketch the curve of the following:
@ |x+y|=21
(i) |x| +|y|<2

EXAMPLE

@ SOLUTION
(i) Here to sketch, |x +y|=1
we know; |x+y|=1
+y=21
0 Bty
x+ys<-1
or x+y=21
and x+y<-1

First we shall draw the graph for
x+y=1land x+y =- 1, now we
shall consider any fixed point say

A
y=1+€&~e*x=0
[
/
A
A
y=1,x<0 4
>yl <1+ el-e™
(0/0) X
y=-1;x<0
\
\
y=—(1+€~-e™;x20
Fig. 2.201
(i |x-y|=1

) |x|-|y|=1

> <

(0,0) and check x+y=1 and
X +y < - 1holds or not.

77

xX+y<s- —1
7/

As; x+y=1 0 021 (false). /
00 shaded part is away from origin. ///

againas; x+y<-1

O 0< -1 (false)

Fig. 2.202

[0 Shaded part is away from origin '8

shown as in Fig. 2.202.

(ii) To sketch |x-y|<1

we know |x-y|<1

u -1<x-y<1

a -1-x<-y<1l-x



=S

or x-Dsy<sx+1)

Thus, to plot y between (x — 1) to (x + 1).

In figure shaded parts is towards origin as; 1
putting any fixed point say (0, 0); in|x — y| < L 1 /é
0 |0-0]<1 o) =
O 0<1 (true)
Ix=yl<1
(iii) Tosketch |[x|+|y|=<2 Fig. 2.203
Here; |y|=2-]|x|is plotted as;
Y y

y
\ *
2

N AN
I N

o4 ot

(i (ii) (iii)
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Fig. 2.204
y
From above graph of |y | = 2 — | x |, we can check shading
yls2-Ix| or  Ix|+lyl<2. Aﬂmm
-2

asat (0,0) O 0<2 (true) WW’

O shading towards origin; shown as in Fig. 2.205. x| +|y|<2
(iv) Sketchingof|x|—-|y|=1 Fig. 2.205

To sketch |x|-|y |2 1; we proceed as:
y=&-1) - y=|>y<|—1 - yl=lx]-1 ~ x| -]y |21

A A
y=x-1

y=lx;1/
» X

0/111 »> X _&4] >

(i) (if) 117



»
»

X|—|y|= 1
\ /ﬁzu“ xl-
2 /10 1\:)( 10 1 *
1]
| .
0 (iif) (iv)
Fig. 2.206
c
=
; EXAMPLE e Sketch the curve;
3 @ [x+y|+|x-y|<4 i) [x+y|+|x-y|>4
O @ SOLUTION (i) Aswe know;
Y
IX_Y|ZHXI—|§V|; |x|2]y|
cUx[=1y Ds [x]<]y] 2
Thus; |x+y|+|x-y|<4
(xk+y+x-y<4 |x|2 .
0 ety vy<4 |x|2]y] - i 5 x
XK+y-x+tys<4 [x]|<|y]
[X+yl+|x-y|<4
0 @2x<4 |x|=2]y]
-2
y<4 |x|<|y]
or [x+yl+|x-y[<4 Fig. 2.207
0 [x|]<2 and |y|<2
Thus, to shade the portion when -2<x< 2and-2<y < 2. Shown as in Fig. 2.207.
(ii) Again; [x+y|+|x-y|z4 O |x|22 and |y|=22
Thus, to shade the portion when x<-2or x=2 and y<-2 or y= 2. Shown as in
Fig. 2.208.
Y
|
(TN
= o =

QI

X+ y|+|x=y|=4
Fig. 2.208
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EXAMPLE @) sketch the curve for;

@ 2¥|y |+ 257 <1 G 2 |y + 2M T <1 |x|s% and |y|s%.
@ SOLUTION () Here 2¥|y|+2M1<1 0 o @ﬂ ¥ %@s 1
1
0 += <2
|yl 5
Thus, to plot |y| + % <27 we proceed as;
-x 1@ -x_ 1o, -x_ 1 - _ 1
= -0 Pl 27 _ 2, p
y=R* -S4 ¥ B B S )
0 (ii) (iii) (iv)
Shown as;
A
©.1)
y=27"
0 » X
Fig. 2.209
Y,
y=2"-1/2 0
1’2\
> » X
() \ x ‘i\
-1/2
NP | iy y=2-lxi _ 1
Hy=2 -5 (i) y 2
y
A
1/2 1/2
-1 0 1 X -1 1 *
-1/2 -1/2

iiiy [y =2 -1
@iii) |y| = 2 2

. 1
<2-Ix o=
@iv) [yl 2

Fig. 2.210
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Here, figure (iv) is shaded towards origin as putting x =0,y =0 in |y|< 27 — %

1

O 0<1- 5 or 0< 1, which is true, therefore, shaded towards origin.

(ii) Plotting of 2|y |+ 2K <1;

x| <

N | =

and |y|<

N | =

=

1/2

y=1/2

from above figure;

il

I .

2|X||y | + olx-1 <1

-1 (0]

ﬂﬂl 1

1 1 2|y |+ 21 < 1; / T2 y=-1/2
and |X|SE, |y|sE shown as in |x|s%and I,VIS% e 2| xm 1
Fig. 2.211. Fig. 2.211
EXAMPLE @ Sketch the graph of the function:
f(x) = log,(1 - x2)
@ SOLUTION Here, log, (1 - x*)exists when, -1<x<1 O
ie, doman 0 (-1,1) % (D
and range [ (<o , 0] H
as xkx 1 0 v < ...(i1)
differentiating y = log, (1 - x?),
dy  (-2x) X
we get — = [(log.,e)=2log, e————
g reiaa— g2 &2 x*_1)
Using number line rule;
- + - +
-1 0
d—y>0, when—l<x<0§
gx 5 ... (i)
&Y <0, wheno<x<1 J
dx E
2 2 ’
A
also, 4Y 22108, +xXT) o oo x0C 1D
dx? (1-x2)?
Oy =log( - x2) is concave down for x 0 (=1, 1)} ...(iv) s 0 ol > X
3 Q
from above results we can draw §’ Ugc’ ?g', ?’%
v ©\9
y =log,(1 - x*) as shown in Fig. 2.212. (SC: § 93%. cz
(1 1=
y=log, (1 -x2)

Fig. 2.212



EXAMPLE @ Sketch the graph of y =log(sinx).
@ SOLUTION Here;
(i) y = log(sinx) is defined, when sinx > 0 0 x0O@nm 2o+ 1) .
(i) Since, sinx is periodic with period 271.

O todiscuss y =log(sinx), when x [1(0, 1)as exists when x [1(0, 1) and then plotted for
entire number line.

(iii) as x[ O O y = log(0) = — oo
as y O O sinx [L 1 O x:lzt.
(iv) ﬂ = '1 [tosx = cotx
dx sinx
O ﬂ>0 when XD@,HQ
dx 2

d—y<0, when XD%,T@
dx

dzy
W) F =— cosec? x<0 forall x0O(0, )
X

Thus, increasing and concave down x (0, 11/2)
decreasing and concave down x[(11/2, ™).
and to plot the curve only when x O0(2n1; (2n+ 1) 1. Shown as in Fig. 2.213.
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y
A
> X
—21 am\ Y I O § o | 3n 21 /5 31
o 2 S/ 12\3 2 2
= ke] o) P
@ 9
o ES
S @
g >
ke [=3
C| Q
o
g ®
e [*3
g 2
= >
Fig. 2.213
EXAMPLE @B Skecch the graph for
y=- 1Ogsinx €
@ SOLUTION (i) Here, y =-log sinx € = _71 is defined when,
log .sinx
sinx>0 and sinx#1
ie., xO@2nm, (2 1) M-{2n® n72}; nJ N )]

121



() y= L is periodic with period 21

log .sinx
O to discuss the graph for x[0(0, ) - {12} and sketch for the entire number line.
@ ano oo 1 gl ogex o W, cox
= dx (log sinx)? sinx dx (log sinx)?
© or ﬂ>0 when XD@), E@
- dx 2
d
G —y<0 when XD%,Y[@
dx
o . 2 2 :
-+ (iv) y E(log sinx)* [{—cosec” x) — cotx [2 (log sinx) [tot xg
= dx? 0 (log sinx)* 0
8 B {(log sin x)?cosec?x + 2 (log sinx) cot? x}
o (log sin x)?
2
O d’y £Y50 forall x (0, n)—%"E
dx?
. anreasing and concave up x [J %, T@
Thus, y=—-——10
log sinx . T
%ﬂecreasmg and concave up x [J Q), E@
y
A
e 1
y logsin x
=2m| _3m| - _T o I n 3 |2m |5m |3m > X
2 2 2 2 2
y=- Ic)gsinx e
Fig. 2.214

EXAMPLE €B sketch the curve:
(D) [yl =cosx; xU[-2m 211
(i) [yl =[cosx]; x O[-21y 2 1]; where [ [J denotes greatest integer function.
@ SOLUTION As we know; y = cosx could be plotted as;

A
1

122 Fig. 2.215



(i) Sketching of [y]=cosx

From above curve cosx =-1,0,1when x=- 2T — S—H,— T — E, 0, I[, TT, 3—“, 27T
2 2 2 2
. . y
O [yl = cos x is possible only b
2
whenx[l%2ﬂ,t 3—n;': TL;FE,OE [ [
0 2 20 1
Thus, I I I I
_ —2n _3n - _m O] m T gn 2n
cosx=-1 0 -1<y<0 > P 5 =
cosx=0 [0 0<y<0 -1
cos x=1 0O 1<y<2 2
Thus, [y]l=cosx is plotted as [y] = cos x
shown in Fig. 2.216. Fig. 2.216
(ii) Sketching of [y] =[cosx]
First to plot y = [cosx]. Shown as;
y
o (-2 1) (,1) o (21 1)
> @ & . @ < > X
-2t _3m _n O s 3m  2n
2 2 2 2
— —
Fig. 2.217
From above figure y =[cosx]
T1; Tepx)< 3t
E_ 2 2
O y:EO; 0<|X|sE and 3—T[s|x|<21'[
0 2 2
01 ; |x|=02m
Thus, when y =0 O [yl1O[O, 1)
y=1 U [yl0(1, 2)
y=- U [ylU[-1, 0)
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Thus, graph for [y] =[cosx]

N
V2
l 1 1(211,1)
(-2m 1) '
~ T » X
—2m< x< 30 5 SX<P<xs3 3?nsx<2rr
_3?“<X<_§ -1 2T[<x<3—2n
Fig. 2.218
EXAMPLE € Sketch the curves

D y=4-I[x]

(i) [yl =4-1[x]

Gi) [y |1=4-1]x]]

@ SOLUTION  As we know;
(i) y =4 - [x] could be plotted with in two steps;
yv=4-x ¥ 4-[x]
y
A
) 5
A
) 7\
2 y=4-x 2
4 3 2410 2 3 N6 4 3 12410 1 2 3 4 > X
. . y=4-[x]
(i) (if)
Fig. 2.219

(ii) Since, we know from above curve y =4 - [x]
0 vy Ointeger, thus, on taking integral part, say

[yl=1 O I<sy<(+1)



O Graph for [y]=4-[x]
y
A
Included : Excluded
, Il
-3 2 -1 O| 1 2/ 3 4 5‘HHH =X
=2 and so on
y1=4-1[x]

Fig. 2.220

In above curve lower boundary are included and upper are excluded.

(iii) To sketch [|y|1=4-[|x]]
From above figure we can say;
yl=4-0x1 0 ¥ 4-[x|B [yl 4-[Ix]]

yk

5
N
1

= N W

Ss([[lFa 13 12 o] 1 2 3 4][[[i5
- I llyl1=4-[x]]

s}
z

Lo}

-4
JHIAI
-5

lIyl1-+(Ix)1=4
Fig. 2.221

> X

EXAMPLE @ Shade the region whose co-ordinates x and y satisfy the equation.
cosx — cosy > 0

+ —
.SOLUTION Here, cosx — cosy >0 can be written as, 2sin EX 2 stin @ 2 X§> 0
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O sinék-;yg sin§;X§>0

This inequality holds true for all points,

(/)] h . [XK+yld d si —-xd h .
- when sin ETE and sin @—2 O have same sign.
Q : x+y[ -y -x0
.e. >0 d >0
E ie., sin B?H and sin @—2 %
. [x+yQd . -x[
<0 d <0
G or sin ETE and sin @r—z 0
é O Xx+y>2nmm and y - x> 2nm
= or Xx+y<2nm and y - x<2nm
> - < -
6 0 2nm - x or Ey 2nTm — X
o [y > 2n1 + X [y <2nm+x where n z

Here, the equation x +y = 2kr represents a system of parallel straight lines corresponding to
different values of k.
Say k=01 0 y=-x and y=-x+2T
i.e., the set of points whose coordinates satisfy the inequality
0<x+y<2m
Similarly, for general points: 2km<x+y <2k +1) 1 @

Now, the set of points which satisfy sin g‘%§> 0.

y—x=2nm

> X

COS X>COos y

O
AT

Fig. 2.222
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O o< * Y con+nm

O 2(2nm<x+y<2(2n +1) T ...(>i0)
O only those points of x, y which satisfy Eq. (ii).

Similarly, 2(2p-1)m<y-x<2(2p) T ...(iii)

From above results, graph for cosx > cosy is shown in Fig. 2.222.

EXAMPLE @ Sketch the curve x%3 +y?3 =a?3,
@ SOLUTION  As to sketch, x%3 +y%3 =a%3,

@
(i)
(iii)
(iv)

W)

(vi)

Curve is symmetric about y-axis (as when x is replaced by (- x) curve remains same)
Curve is symmetric about x-axis (as when y is replaced by (- y) curve remains same).
Curve is symmetric about origin (as when x is replaced by y and y by x curve remains same).

When, x=0 0 y=+*a

when, y=0 0O x==zxa
y¥3 = (a¥3 _ x¥?%),

or y2 - (a2/3 _ X2/3)3;

: fotd : dy _ 2/3  _2/332 2 13
differentiating both sides, Zy& =3@*°-x*"?) E@EX Q
O ? <0 when x>0, y>O0[todiscussO< x < aand to take symmetry for rest of graph

X
using Egs. (i), (i) and (iii)].
From above yj—y = - xV3@¥3 - x¥3)?2
X

Differentiating again, we get;

d’y [dYUZ 173 2/3 2/3 2 0,1 a3 42 2/32
ayy - _ x V3 a3 _x E@‘—x §+7x/ a3 _ x23
de2 %E ( ) 3 3 1 )

_ g X233 x¥/3) + 1 4 (a3 _ x¥/3)2
:lez/s(az/s ~ X234+ x 3 (@¥? — x¥3)) y
2 : a
H = + vewhenever; O<x<a and y>0. decreasing and
dx concave up
Thus; when O<x<a and y>0 - t > X
O dy <0 and ﬁ >0, B84 PR g2
dx dx®

i.e., decreasing and concave up.
0 Graph for x¥3+y%3=a%3 Fig. 2.223

Note Above curve is known as Astroid represented by the following parametric equations:

X = acos’ tf
5 gO0O<st<2m a>0
y=asin"tg
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Eliminating cos t and sin t from above equations, we get

X

2/3

+y2/3 =a

2/3

where the quantities x and y are defined for all values of t. But since, the functions cos® tand sin® t are
periodic with period 2 it is sufficient to discuss the curve for t O[0, 2T1.
Domain of function O[0, 210

Thus,
Now,
Here, dx

dt
a

From Egs. (i), (ii), (iii) and (iv), we construct a table;

Lo P =00

Range of function O[- a, a] ]

dy
dx

t=0,

+ 3a sin? tcost%

3
—, 81 —, 2TL
2 n’z
g:—tantg
a

d?y _ 1

3a cos? tsint

— U
3acos* tsintp

..

...

... (iii)

...(iv)

Range of t Domain (x) Range (y) Sign of% Sign ofi};
O<t<t 0<x<a 0<y<a - +
E<t<i{ —a<x<0 0<y<a + "
,Tz<t<ﬂT —a<x<0 —a<y<0 - -
32T[<t<§n O<x<a -a<y<o0 + -

On the basis of above information we can sketch
X =acos’ t

y =bsin® t

Students are adviced to convert the cartesian into

parametric if possible.

EXAMPLE @ Sketch the curves:
eX —-X X —X

0 y=% (i) y=%

e* +e™*

@ SOLUTION (i) Sketchingof f(x)=y = 5

(@) f(=x) = f(x),

y

al Astroid: x5 4 P8 = g2
or x=acos’t

(i) y = &

y:asin3t
» X
Fig. 2.224
X _e* ) e* +e*
X —-X (IV) y = X —-X
e" +te e” —e
..(0)

[0 even or symmetric about y-axis



(b) When x=0 0§ 1 ...(iD)

. - dy _e*—e™* _e*-1
Differentiating, we get; ey

(=
dx 2 2eX E
2 X —-X 2x
0 d%y _e+et e +1 ()
dx? 2 2e* E
ﬂ > 0 whenever x > OE =
From above; (lex N ...(iid) 1)
Y < 0 whenever x < 02 9
dx =i
d? O =
IR 0 for all xJ ...(Iv) Q
dx? 0 5 > X 4
Thus, from Eqgs. (i), (ii), (iii) and (iv) graph of 3
_ettet Fig. 2.225
y 5 is; a
eX—e™
ii) Sketching y=— =h
(i) gy 2 8
(@ f(-x) = - f(x), -
0 odd function or symmetric about origin ...(i) }A/k y= ex‘ze_x 5
® x=00 ¥ 0 .. (i) s o)
© Y-Cre0 forallx (iii) SF =
& - 2 ces \Q QOQO g
» X
2 X X O
) d% - -€ {g§°’ b°§ (7]
dx 2 c}‘b (?‘Z;
2 0 NA
ey, Owhenx>0 S
0 dx? H (iv)
42 E Fig. 2.226
A 0 when x <0,
dx? H
From Egs. (i), (ii), (iii) and (iv) graph of y = %.
X _ a=X
(iii) Sketchingof y=5_—¢ _
eX+e™*
(a) f(-x) =- f(x), O odd function or symmetric about origin )]
(b) as x=0 0O ¥ O ...(>i0)
Domain JR [
(0 0 ...(iii)
Range (- 1, 1)
(d ﬂ >0 forall xOR ...(Av)

dx
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2 0 y
H<0 for x>0 \
dx? H
(e) ) 0 ...(v) 1
—y>0 forx<0D Y- e"—e:x
dx? H e&+e*
0 » X

From Egs. (i), (ii), (iii), (iv) and (v) graph of

=% 7% isshownasin Fig. 2.227. -
e*+e*
X X Fig. 2.227
(iv) Sketching y = ere &
eX_ e—X
(a) f(-x) =- f(x), O odd function or symmetric about origin (D
as x [ 0 b o [J
® asyd LG e H .G

y -1 X OO—E

Domain OR - {0} O
(© 0 ... (i)
Range R - [- 1, 1]

dy o
(d) —2 <0 forallxOR-{0} ...(Gv)

dx -1

2 O

4y >0 forx>0

dx? H
(e) 42 0 ..(v) _

Y . 0 for x < OD Fig. 2.228

dx? H

From above information, graph for y = ex+7€_x as shown in Fig. 2.228.
e* —e

Note

In many applications we come across exponential functions of the form %(ex— e ) and

%(ex+ e™) known as “hyperbolic functions” represented by;

. e¥—e* [
sinhx = B
o+ e_XD Q)
0
cos hx =
2 B
called hyperbolic sine and hyperbolic cosine.
e¥-e*0
tanhx = ——n
e+ e .
also, 0 .. (i)
eX s e—X D
cothx = ——
e’ -e™H
called hyperbolic tangent and hyperbolic cotangent. Where if; x =cosht, y =sinht
O x? - y? = cos? ht — sin® ht =1 {Using Eq. (i)}
which is equation of hyperbola.
X _ aX X —-X

and cos hx = € are hyperbolic functions.

Thus, sinhx = ©




EXAMPLE @ Sketch the curve y = 2sinX + cos 2x.

@ SOLUTION Since, the function is periodic with period 2Tt it is sufficient to investigate the
function in the interval [0, 2T11].

(a) %=2cosx— 2sin 2x = 2 (cosx — 2sin X coSX)
X
dy _ .
O —— =2cosx(1 - 2sinx)
dx
Here, ﬂ=0 0 X=E,E,Hin
dx 62 6 2
2
(b) ﬂ=—Zsinx—4c052x
dx?
2y0
ZD =-3<0 where y—E
dx Datx:% 2
2v0
0 at x=Eismaximumatx=E. &ZD =2>0;
6 6 dx Opy=T
2
0 at x=-_isminimum atx=E, wherey =1 y
2 2 A
2
2
at xzs—n we have, g:—3<0 3/
6 dx? 1
and y = 3 (maximum)
2 Ol m =m 51 = 3n o
3 PE _1 6 2 6 2
at x= T[, we have, —y=6>0
2 dx? o
and y =— 3 (minimum) a
Thus, curve for y = 2sinx + cos2x; y=2sin x+cos 2x
Fig. 2.229
EXAMPLE @ Sketch the curve y = e"X2 (Gaussian curve)
@ SOLUTION  As the curve y =f(x) = e’
(a) Symmetric about y-axis {as f(-x) = f(x)} (D
asx [L 00 1 0O ..
(b) ¥ 0 ... (i)
asy L 00 [k o 0
J , ﬂ <0 0Ox O E
© dl e (2x) O SX 5 ... (iiD)
X Y500 x o
dx H
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2
(@ d—z =- 2e‘XZ — 2x(- 2xe‘x2) = 2e"2 2x2 -1
dx
d%y 1 10
——>00x —-— or ¥ —
2
0 dx V2 &@ V)
d?y 1 1 0
— <0 0-—x< x —
dx? V2 Np) H ,
A
(e) y= e"X2 assumes maximum at
“‘\1 OO y= 1
[ % O‘?p .
x=0 0 ¥ 1 r’§0 é\QQ QO’"@ &
S N
. N _ (4
and Domain OR () O“Ga\,eu&; 12 CO”Cave w
Range (J(0, 1] e _ e""easfqi . x
-inv2 O 1N2
From above discussion;
Fig. 2.230
X
EXAMPLE Sketch the curve = .
20, =
D in OR
@ SOLUTION Here; (a) omain H @)
Range O[- 0.5, 0.5]
(b) f(-x) = - f(x), hence, f(x) is odd, symmetric about origin ... (ii)
() When x=0 0O ¥ O ...(iiD)
dy 1-x? -
@ A aeiz 1 :
dx (1+x%)
Fig. 2.231
ﬂ>0 when —1<x<1 E
or gx 0 ...(iv)
—y<0 when x<-1 or x>1H
dx =
From above maximum at x = 1 and minimum at x = — 1} ...V
d2 2x 2 _ 3 — s — o
(e) }2’ = (X 3 3) <t — t — >
dx 1 +x%) —~3 0 3
d2 Fig. 2.232
—}2’ >0, when x D(—\@, 0) and (\@,oo ) E
0 dx H (V)
d?%y O
— 2 <0, when xO(-o , —+/3) and (0, v/3)
dx? H
From above conditions graph for y = X
1+ x?



0.5 (1,0.5)
) T ~Yecre,., (V3,V3/4)
_ < as;

—/3 AQ,P%’ & . x
——orge,. 1 0 11
(—V3,—/3/4) \9

(—-1,-0.5) -0.5
Concave down Concave up Concave down Concave up

Fig. 2.233
In above figure :

x dy/dx d?y /dx?
—o<x<-+/3 - _
—-3<x<-1 - aF

-1<x<0 I I
0<x<l1 aF -

1<x<4/3 -

\/5 <x< o - F

suojewlojsuel ] pue ainjeaind

EXAMPLE @ Sketch the curve y2 =x°.  (Semicubical parabola).
@ SOLUTION To plot the curve we discuss;
(i) Symmetric about x-axis (asy [ -y curve remains same).
(ii) Domain O[O0 )
(iii) Range OJR.
Here,toplot y?>=x> 0 y= \/Xi?’ and y=- J;, we draw y = \/F and take image

about x-axis for y = — Vx>. (i.e., to discuss curve when x, y = 0).
(iv) d—y :§xl/2:§\/§ >0 forallx,y>0.
dx 2 2
2 f
d<y 3 3/2
(v) —2~=——->0 forallx,y>0. y=(x7)
dx*  4Jx
O Increasing and concave up when x > 0.
From Egs. (i), (ii), (iii), (iv) and (v). 0 > X
x y dy/dx d?%y/dx?
y=—(x"%)
+ + + +
N _ _ ~ Fig. 2.234
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Note Inabove curve y2 = x3(semicubical parabola). For x = Owe have y = 0and y = 0O, thus, the

branch of the curve has a tangent at y = O at origin. The second branch of y = - \/F also

passes through origin and has the same tangent y = 0. Thus, two different branches of the
curve meet at origin, have the same tangent, and situated at different sides of origin. This
is known as cusp of first kind.

EXAMPLE @ Sketch the curve: y? =x* - x°.

. SOLUTION Here; y =% x24/1 - x?

2

Thus, to plot the curve for y = x%y/1 - x*> and take image about x-axis.

(i) Symmetric about x and y-axis.
(ii) Domain O[- 1, 1]

o 2 2 0
(iii)) Range O+ —, ——p
H 33" 3430
(iv) When x=0 0O ¥ O
y=0 0 = O 1
W) Zyj—y =4x° - 6x° = 2x°(2 - 3x?) =2x3(V2 - V3x) (W2 ++/3%)
X
O d—y>0 when; O<x<\F and y>0.
dx 3

d—y<0 when \/§<X<1 and y>0.
dx 3
Here, we are sketching the curve only when x, y = 0and then take image about x and y-axis.

2
o) 950 when o<x<\F and y>0.
dx? 5
2
H<0 when \F<x<1 and y>0.
dx? 5

From above discussion.

n Concave up and increasing

Concave downward increasing
B 2 Concave down and decreasing
y symmetry 3v3
= o) 1 > X
*
=R B mmet
I 3v3l 7ysy metry
V2 V2 V2 V2
3 5 5 3
Fig. 2.235

Note At the origin (as the singular point) the two branches of the curve corresponding to plus

and minus in front of the radical sign are mutually tangent. Known as point of osculation
or tacnode or double cusp.




1. Sketch the curves; (where [[] denotes the
greatest integer function).

(i) y=2=[x=1]|

N 5 4
(i) y=2 x|
4
=2 —
(iii) |yl x|
. o 4
(iv) y=|2 1|
|, 4
V) Iyl=|2 X1
(vi) y=leM-2]
(vi) |y]=|e* -2]
(viiiy y=x—[x]
(ix) y=yx-I[x]
X)) y=(x-[x)?
(i) |yl=+x =[x

(xii) |y |=(x—[x)?
(xiii) y=|x—1]+|x +1|
xiv) [y [=]x—=1[+]|x +1]
(xv) y=[x-1]]
(xvi) |y[=[|x—1]]
(xvii) y =x +[x]
(xvii)) y =[x] +[|x]]
(xix) |y |=x+[x]
(x) |y =[x |+[x]]
2. Sketch the curves;

(i) y=+sinx
(i) |y|=+sinx

(i) y =|sinx|+|cosx |
(iv) |y|=cosx +]|cosx |
(v) y=sin®x - 2sinx

10.

(Vl) y = 2sinx

(vil) y =log,(|sinx|)
(viii) |y |=log,|sinx |

(i) y =logg, %Q
() ly|=log,,, 1

— x20
Sketch the curve y =sin™ %—XZD
M+ x“0
Sketch the curve y = 22X
X +1
Sketch the curves;
() y=x*-2|x| (i) y =X
(iii) y = e (V) ly|=x
(v) y=x®-x (vi) y2=x-1

Construct the graph of the function
y=flx—1)+f(x +1)
O-|x|, when |x|<1

where f(x) = when [x|>1

Sketch the curves;

(i) y=— iy y=—

(iii) y = (iv) lyl=

1
|x]-2

x|

suojewlojsuel ] pue ainjeaind

xX—2 _|x|—2

1
-2

Find number of solutions of 2cosx =|sinx|.

When x O[O, 411.
Find the number of solutions of;
sinTtx =|log|x ||.
Sketch the curve
_sin2x

+ COSX.

ANDVIERS

8. 2 solutions, 9. 6 solutions.
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Graph Jells Us /

Absolute maximum
No greater value of fany where.
Also a local maximum

Local minima
No greater value of fnear by

. Local minimum
No smaller value of fnear by

Play with Graphs

Local minima
No smaller value of fnear by
Absolute minima

No smaller value of fany where.
Also a local minimum

a C e d b X-axis
Local vs absolute (Global) Extrema
Fig. 1

Absolute maximum

f'undefined
Local maximum |¥=f(x)
f'=0
F<0 No ex,tIemum
. f'=0
f'>|0 ,
No extremum >0 F20
f'=0 Local minimum
1o
Absolute|minimum Local minimum
a C4 C, Cy Cy Cs b g

Local vs absolute (Global) Extrema
Fig. 2

The First derivative Test for Local Extreme Value
(i) Iff' changes from positive to negative at C (f' > Ofor x < cand f' < Ofor x > ¢), then fhas a
local maximum value at c.
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Local maximum Local maximum

1 >

X=c x-axis X=cC x-axis
(a) f(c)=0 (b) f(c) undefined
Fig. 3
(ii) Iff' changes from negative to positive at ¢ (f' < Ofor x < cand f' > Ofor x > ¢), then fhas a
local minimum at x = c.

>

f'<0 f'>0 f'<0
i | f'>0
Local iminimum Locali minimum
X=cC x—a;xis X=c x—gxis
(@) f'(c)=0 (b) f'(c) undefined
Fig. 4

(iii) If f' does not change sign at ¢ (f' has the same sign on both sides of c), then f has no local
extreme value at c.

no extreme

1 >

X=cC X-axis

(a)f'(c)=0 (b) f'(c) undefined
Fig. 5
(iv) At a left end point ‘@’: If f'<0 Local maximum
(f'> 0) for x> a, then f has local ! -
R . L <0 Local minimum 50
maximum (minimum) value at : f
X = a. | » : >
X=a X-axis X=a X-axis
Fig. 6

(v) At a right end point ‘b’: If f'< 0 (f'> 0) for x<b, then f has local minimum
(maximum) at x = b.
Local maximum

Local minimum

=b x-axis X=b x-axis
Fig. 7

X

sN slIeL ydean
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ASYMPTOTES,
SINGULAR POINTS AND
CURVE TRACING

In this chapter we shall study:

[ Plotting of Rational and Irrational functions.
[0 Intersection of Curve and Straight line at Infinity.

_m ASYMPTOTES

A straight line, at a finite distance from origin, is said to be an asymptote of the curve y = f(x), if
the perpendicular distance of the point P on the curve from the line tends to zero when x or y both
tends to infinity.

Play with Graphs

OR

A straight line A is called an asymptote to a curve, if the distance o from the variable point M of
the curve to this straight line approaches zero as the point M tends to infinity. Shown as:

Fig. 3.1

Mathematically

Lety = f(x) be a curve and let (x, y) be a point on it.

Tanget at (x, y) is given by;

Y:QDH@{—X‘LY% 0
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Now, if asymptote exists, then x - o

dy O dyQd e
O — and - x—200- finite limit say m and c
dx H] de y
dy xdy
Sa —/ . m and - == .c
y dx y dx

0 Eq. (i) reducesto,Y =mX + cis asymptote of equation.

Now we shall discuss the following cases

(i) Asymptote parallel to x-axis.
(i) Asymptote parallel to y-axis.
(iii) Asymptote of algebraic curves or oblique asymptotes.
(iv) Asymptote by inspection.
(v) Intersection of curve and its Asymptotes.
(vi) Asymptote by Expansion.
(vii) The position of the curve with respect to asymptote.

3.1 (i) Asymptote parallel to x-axis

Let the equation of curve be,
(apx" +a;x" 'y +a,x"%y? + ... +a,y") +(b,x"" +b,x"%y +..+b y" ")
-2 -2 -2 _ .
Flex" e x"y + e,y +.=0 (@)
then it can be arranged in descending powers of x as follows:
apx" + (a;y +b)x"! +(a,y? +b,y +c,)x"? +...=0 ...(ii)
Now, ifa, = 0, i.e., the term consisting x" is absent, then a;y + b; = 0, i.e., coefficient of x* =0

1

will make two roots of Eq. (i) infinite as coefficients of both x™ and x™! are zero.

Hence, a,y +b; =0 is an asymptote parallel to x-axis.

Again if; both x” and x"™' are absent, then a,y* + b,y + ¢, =0, i.e., coefficient of x"~* being
zero will make three roots of Eq. (ii) infinite hence, a,y* + b,y + ¢, =0 will give two asymptote
parallel to x-axis.

Method to find asymptote parallel to x-axis

To find the asymptote parallel to x-axis equate the coefficient of highest power of x to zero.
If the coefficient is constant, then there is no asymptote parallel to x-axis (horizontal).

3.1 (ii) Asymptote parallel to y-axis

From above article, if we need an asymptote parallel to y-axis, equate the coefficient of highest
power of y to zero.
If this coefficient is constant, then there is no asymptote parallel to y-axis (vertical).

1
X-5

EXAMPLE (@) Sketch the curve y =

@ SOLUTION Here; y(x-5-=1
0 Asymptote parallel to x-axis.
O y=0 (equating highest power of x = 0)
Asymptote parallel to y-axis.
O x=5 (equating highest power of y = ()

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy
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Thus, x = 5and y-axis are asymptotes shown as in figure.
!
0]
ks
a
£
>
[}
< Asymptote
o x y;O

Play with Graphs

x=5

Fig. 3.2

EXAMPLE 9 Show the curve'y = tanx has an infinite number of vertical asymptote.

o SOLUTION y = tanx
m 3T
here y o>t as X o +t—, &~
2 2
m 3T
or tanx - © as X - *—,* — .
2 2
i.e., equating highest power of y = 0.
(as y=tanx [ ycotx=1 where cotx - 0).
Shown as:
y
A
> X
-3m2 -t -T2 O 2 m 312
0] (0] ] (0]
I IS I S
Q. Q. Q. Q.
£ £ £ £
7 7 7 7y
< < < <
Fig. 3.3

EXAMPLE e Show the curve y = e"* has a vertical and horizontal asymptote.

@ SOLUTION Here
O

or

140

y - el/x
yE*=0
~1/x . . -1
e -0 as x-0 (Since, lim e
x-0

/X

- 0)



From adjoining figure

y = el/x
O 1- logy
X
1 Asymptote y =1 1
0 X =
logy
oo X
which shows x(logy) =1 has an asymptote g
parallel to x-axis as £
logy =0 O y= 1. \72
Thus, y = e* has two asymptote Fig. 3.4

x=0 and y=1

3.1 (iii) Asymptote of algebraic curves or oblique asymptote

An asymptote which is not parallel to y-axis is called an oblique asymptote. Let y = mx + cbe an
asymptote of y = f(x), then

m= lim y and c= lim (y- mx)
X 00 X X — 00
or X— —0o0 Oor X— —0

Method to find oblique asymptote

Supposey = mx + cis an asymptote of the curve. Puty = mx + cin the equation of the curve and
arrange it in descending powers of x. Equate to zero the coefficients of two highest degree terms.
Solve these two equations, find m and c. Put them in y = mx + cto get asymptotes.

Note 1. Here, we will find non-parallel or non repeated asymptote only.
2. Neglect all imaginary values of m.

EXAMPLE a Find the asymptotes to the curve y =x + 1 and then sketch.
X

@ SOLUTION Here, the given curve y =x + 1

X
U Xy:X2+1
or x> —xy+1=0

(i) Asymptote parallel to x-axis
Equating highest power coefficient of x to zero in x? — xy +1 =0
O 1=0 (which is not true)
0 no asymptote parallel to x-axis.

(ii) Asymptote parallel to y-axis

Equating highest power coefficient of y to zero in

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy
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x> -xy+1=0

O -x=0

or x=0

(iii) Oblique asymptote

. DN 1
(i.e., y-axis) is asymptote fory = x + =
X

Let y=mx+c in x*-xy+1=0
ie., x> -mx?-xc+1=0

O x*1-m)-(0)x+1=0
Equating highest and second highest power of x to zero
ie., 1-m=0 and c¢=0

O m=1 and c=0

or y=Xx

. . 1
is oblique asymptoteto y =x + —.
X

Now to trace the curve;

(iv) Symmetric about origin (as odd function)
(v) Domain OR - {0}.

(vi) Range (< ,- 21 [2 )

2 _ +
(vii) d—y =1- 1 =X 1 {using number line rule, ®
X X2 XZ -1

dy
—/ >0, when x<-1 or x>1
dx

dy

—2- <0, when -1<x<1-{0}

dx

which shows Ymax at x=-1
Yomin at x=1
2
(viii) Also, ay_2
dx x>
2
0 9 0 when x>0
dx?
2
ﬂ <0, when x<0
dx?

- 0

(concave up)

(concave down)



Using above information we can trace y = x + 1 as: >
X (/)
o
®
Q
g h
% Local minimum at x=1 I~
< Asymptote m
L}
1 o 1 > X a
c
Local maximum E
—2
q
1 T
y=X+—> x<0
X
S,
Fig. 3.5 z
/7
2 4 oy )
EXAMPLE o Find the asymptotes of the curve y = Aol and hence, sketch. -
X
x> +2x-1 Q
@ soLuTiON Here, thecurve y =————= could be written as; n
X
X2+2x—yX—1:0 )] c
(i) No asymptote parallel to x-axis. 2
(ii) Asymptote parallel to y-axis. O x =0. )
(iii) Oblique asymptote 4
Let y =mx +c¢ be oblique asymptote
O x2+2x—x(mx +¢)-1=0

x2 -mx?+2x-cx-1=0

0 21-m)+x(2-¢)-1=0

For oblique asymptote equate highest power and second highest power of x to zero.

Buioea

ie., Coefficientof x2=0 0 m=1
Coefficientof x =0 0O c¢=2

O y =x +2 is oblique asymptotetoy = x — 1 +2
X
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(iv) Neither symmetric about axis nor about origin.
(v) Domain OR - {0}.
(vi) Range OJR.
dy 1

vii — =1+
(vii) = =

O ﬂ>0, for all xOR - {0}.

(viii) -y -_ =2
O —= >0, when x<0 (concave down)

—5 < 0, when x>0 (concave up)

)
=
Q
u
d?y 2
G dx? %3
=
E
<)
(0

. . . 1
Using above information, we can plot the curve y =x- =~ +2 as;
X

=0

<t |2
(V]
Jo}
e+l
@
<

Fig. 3.6

3.1 (iv) Asymptote by inspection

If the equation of the curve be of the form F, + F,_, =0, where F, and F,_, are expressions in x
and y such that degree of F, = n and degree of F,_, < n - 2, then every linear factor equated to zero

will give an asymptote if no two straight lines represented by any other factor of F, is parallel or
coincident with it.
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EXAMPLE o Find the asymptote of the curve x*y + xy > = a°.
@ SOLUTION Here, the given curve is.

)(2y+xy2 =a’ or )(2y+xy2 -a’>=0
This equation is of the form F, +F,_, =0
Here, F, = x%y +xy? and F, =-a°

0 By inspection the asymptotes are given by
x?y +xy? =0 or xy(x+y)=0
0 The asymptotesare x=0, y=0, x+y =0.

EXAMPLE o Find the asymptote of the curve y =x + 1 (by Inspection).
X

@ SOLUTION Here, the given curve is x2 — +1=0
Xy

This equation is of the form F, +F_, =0

Here F, = x? - xy
F, =1

O By inspection the asymptotes are given by

xz—xy=0 or x(x-y)=0
O The asymptotes are x=0 and x-y=0.

3.1 (v) Intersection of curve and its asymptote

An asymptote of curve of nth degree cut the curve in (n — 2) points provided the asymptote is not

parallel to any asymptote.
Hence, if there be N asymptotes of the curve, then they cut the curve in N(n — 2) points.

Note The number of asymptotes of an algebraic curve of nth degree can not be more than n.

EXAMPLE o Show the asymptote of the curve xy(x* -—y?)+x* +y®-1=0cut at 8
points.
@ SOLUTION The equation of the curve is,
xy(xz—yz)+x2 +y2—1=0 .1
Here n=4
This equation is of the type F, +F _, =0

Hence, F, = xy'(x2 - yz) =xy(x-y)(x +y)
and F,,=x>+y>-1
a F, =0

O x=0, y=0, x-y=0 and x+y =0 are the equations of asymptotes.

The combined equation of the asymptotes is,
xy(x—-y)x+y)=0 ...(>i0)

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy
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Subtracting Eq. (ii) from (i), we get
x2+y2-1=0

Thus, intersection of curve and asymptotes lie on this curve since, there are 4 asymptotes, i.e.,

N =4
0 Point of intersection of curve and asymptotes = 4(4 - 2) = 8.

3.1 (vi) Asymptote by expansion

If the equation of the curve is of the form

A B C
y:mx+c+— +—2 +—3+,,,
X X X

Then y =mx +c will be an asymptote of the given curve.

EXAMPLE o Find the asymptote of the curve y* = x*(x — a).

@ SOLUTION The curve is, y3=x2(x—a)=x3Q—E
X
/3 2
O
Il yzxg_ag or y:xﬂ_lg_li
X 0 3x 9x?
or y—x—i—lﬁ
3 9x
A B
y=mx+tc+—+— +..
X x2
0 y=mx +c

a, .
Hence, y=x- 3 is asymptote of the given curve.

EXAMPLE OFind the asymptote for y:X+1.
X

@ SOLUTION Here; y=x+ 1 is of the form,
X

A B
y=mx+c+—+— +..
X X

0 vy =xis asymptote of the curve

1
y=x+-
X

[ )

which is of the form

is asymptote

Note Above method is useful to find oblique asymptote. Thus, students are adviced to find
vertical and horizontal asymptote (i.e., asymptote parallel to x-axis and y-axis).

3.1 (vii) The position of the curve with respect to an asymptote

Let the equation of the curve is of the form;
A B ,C
y=mx+ct+— +— 0+, then
X X X



(a) The curve lies above the asymptote if
(i) A # 0and, A and x have same signs

or (i) A=0, B>0
or (iii) A=0, B=0, C#0 andC and x have same signs and

(b) The curve lies below the asymptote if
(i) A #0 and, A and x have opposite signs.

or (i) A=0, B<O
or (iii)) A=0, B=0, C#0 and Cand x have opposite signs.

EXAMPLE o For the curve y> = x> + 2x*; show;
(i) The curve lies above the asymptote y = x + %, if x<0

(ii) The curve lies below the asymptote y =x + %, if x>0

@ SOLUTION The given curve is, > =x° +2x*
g

y
or yS:X5Q+E§
X

2
y:XQ‘-Fi
X
y:x§+3d_ﬁg¢..1§:x+3_i+_.
5 x 25 x? 5 25x
0 The asymptote is y :x+§;
(i) Now if A :—2—85 and x have same sign [0 x< 0. Then the curve lie above the

asymptote.

(i) Now if A = - 2—85 and x have opposite sign [0 x> 0. Then the curve lie below the

asymptote.

EXAMPLE eForthecurve y:x+l show,
X

(i) The curve lies above the asymptote y =%, if x>0
(ii) The curve lies below the asymptotey =%, if x<0

@ SOLUTION The given curveis, y =x + 1, is of the form
X

= mx + +A+B+C
y = c+— — Tt -
X X X

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy
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Thus, y =x isthe asymptoteto y =x + 1
X

(i) Now if A =1 and x have same sign 0 % 0, then the curve lies above the

asymptote.
(i) Now if A =1 and x have opposite sign [ x 0, then the curve lies below the

_m SINGULAR POINTS

Here, we shall discuss the following
(i) Multiple points
(ii) Double points
Types of double points :
(a) Node (b) Cusp (c) Isolated point
(iii) Tangent at the origin.
(iv) Necessary conditions for existence of double points.
(v) Types of cusps.

3.2 (i) Multiple points

A point on a curve is said to be a multiple point of order r, if r branches of the curve pass through
this point.

If P is the multiple point of order r, then there will be r tangents at P, one of each of the r
branches. These r tangents may be real, imaginary, distinct, coincident.

3.2 (ii) Double points

A point on a curve is said to be a double point of the curve, if two branches of the curve pass
through this point.
Double points have two tangents, they may be real, imaginary, distinct or coincident.

asymptote.

Types of Double points
(a) Node

If the two branches of a curve pass through the double point and the tangents to them at the point
are real and distinct, then the double point is called a node as shown in Fig. 3.7.

YA Tangent Yy
L Tangent
Node
» X » X
o o
Fig. 3.7 Fig. 3.8

(b) Cusp
If the two branches of the curve pass through the double point and the tangent to them are the
point is real and coincident, then the double point is called cusp as shown in Fig. 3.8.



Cusps :
The graph of a continuous function y = f(x) has a cusp at a point x = c if the concavity is
same on the both side of ¢ and either.

1. lim f(x)=w and lim f'(x)=- o
X C x-ct
OR
2. lim f'(x)=—o and lim f'(x) = o shown as:
X— ¢ X-c*

1. lim f'(x) = and lim f'(x)=- 2. lim f'(x) =-wand lim f'(x) = o

X— ¢ X-c* X— ¢ X-c*
y-axis y-axis
A A
; Cusp y=F(x)
lim f(x) = .
=N i g = o | im (0 =o»
: + lim () =—o
: X-C
E E Cusp
0 (:: \ > X-axis o c: » X-axis
y=1f(x)
Fig. 3.9 Fig. 3.10

Note A cusp can either be a local maximum (1) or a local minima as in (2).

(c) Isolated point

If there are no real point on the curve in the neighbourhood of a point P is called an isolated or a
conjugate point.

Pe
isolated point

Fig. 3.11

3.2 (iii) Tangent at the origin

If an algebraic curve passes through the origin, the equation of tangent or tangents at the origin is
obtained by equating to zero the lowest degree terms in the equation of the curve.

EXAMPLE o Show that the curve y* = 4x> + 9x* has a node at origin and hence, sketch.

@ SOLUTION The equation of the curve is,
y? = 4x? +9x* ..@
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It passes through the origin.
Now, equating to zero the lowest degree terms of the given curve, i.e.,

2_4x*=0
O y=2x and y=-2x
There are two real and distinct tangents y = 2x and y = - 2x. Thus, two branches of curve
passes through origin (0, 0).
00 origin is node. ... (iD)

Now to sketch;
(iii) Symmetric about x-axis, y-axis and origin.
(ivAs x-0 O y-0
(v) Domain OJR.
(vi) Range OR.
Here, we shall discuss the behaviour of y = x4 +9x%, x>0 and use symmetry to

construct y2 =x2%(4 + 9x2).

Play with Graphs

(vii) Zyjl = 8x + 36x° =4x(2 +9x?) A
& y=2x
O dy>0 forall x,y>0 ﬂage
X
(viii) Also, node . x
EdyD2 d2 0
— 2 =44+5 %
ﬁ y = 4 + 54x> s,,g%
dz y=-2x
O o2 —~2 >0 forallx
x Fig. 3.12

Thus, the graph for y? = x2(4 + 9x?)

EXAMPLE e Show origin is a conjugate point for
x* +y3 +2x2 +3y% =0
. SOLUTION The given curve is, x* + y3 +2x% + 3y2 =0
It passes through origin.
0 To find equation of tangent at origin equating the lowest degree term to zero.
Le., 2x% +3y2 =0

. |2
O =+i [—x
y \/;

which are imaginary tangents.
Hence, origin is a conjugate point of the curve.

3.2 (iv) Necessary conditions for the existence of double points

Let (x, y) be a point on the given curve f(x, y) =0

The necessary and sufficient conditions for (x, y) to be a double points are:
f=0, a—fzo, h_p at (xy)
0x oy
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9*f  9%f 9°f
———, — and —
ox 0y 9x2 6y2
(i) Double point will be a node if

Now, if are not all zero, then,

092 O D92f00e%f 0
of 5 _ P fa? s o
Mx dyd [Dx?0My20
2
or fy — by >0

(ii) The double point will be an isolated point, if
ffy — fixfyy <O
(iii) The double point will be a cusp if
fxzy — fixfyy = 0.
Here, iff,, =f,, =f,, =0at(x y), thenitwill be a multiple point of order greater than 2.

EXAMPLE o Forthecurve x> +x* +y? — x— 4y + 3 =0, find the double point and hence,

whether the point is node or isolated point.

@ SOLUTION Let f(x, y)=x> +x* +y2 —x-4y +3 =0

O f, =3x* +2x -1
f, =2y -4 for a double point f, =0, f, =0
O f,=0 O 3x*+2x-1=0
or le, -1
3
f,f=0 0O 2y-4=0 0 y=2
(0 Possible double points are s 2@, -1, 2)

5
f %,2@::0 and f(-1,2)=0

0 f(-1,2) is a double point.

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy

foo =6x +2 O fe at L, 2)=-4

fXY:O O ny at (-1,2)=0

f, =2 0 f, at (-1,2)=2
O foy = fufyy =0-(4H(2)=8>0

Buioeu

0 (-1, 2) may be node.

For shifting origin to (- 1, 2), substitute x =X -1, y =Y + 2 in the given equation,
we get, X3 -2X*+Y%?=0

or Y =+XJ2-X

For numerically small values of X, Y is real.

0 (-1, 2)is a node on the given curve.
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EXAMPLE o Forthecurve x° + 2x? + 2xy — y? +5x — 2y =0, find the double point and

hence, check whether node, cusp or isolated point.

0 @ SOLUTION Let f(x,y) =x> +2x% +2xy - y? +5x— 2y =0 (@
= £, =9 =32 v ax 42y +5
Q 0x
® £, =% ox oy 2
G -
2
foo = o°f =6x +4
_E x>
o — aZf
fo = =2
é ¥ ox dy
0°f
- f = =-2
Q- ¥y ox
For double points f,=f, =f=0
=0 0 3x*+4x+2y +5=0 ... (i)
f,=0 0 2x-2y-2=0
or 2y =2x — 2 ...(iii)
Solving Egs. (ii) and (iii), we get 3x%2 +4x +2x - 2+5=0
O =-1
also x=-1 y=-2 satisfies the given equation.
0 (-1,-2)is a double point.
At (_1:_2)) fo:6(_1)+4:_2
i foy =2, £, ==2
0 fy —fufy at 1,-2)=0

O (-1, - 2) may be a cusp.

For shifting the origin to (- 1, — 2) substitute x =X -1,y =Y — 2in the given equation.
X-D*+2X-D*+2X-D(Y-2)- (Y-2)*> +5X -1 - 2(Y - 2) =0

or X -X*+2XY-Y?=0 (i)

0 Y =X £ XJX

Y is real for all positive value of X.

0 Two branches of (iv) pass through origin.

0 Two branches of (i) pass through (- 1, — 2).
O (-1,-2) isacusp.

EXAMPLE e Find for the curve y? =xsinx origin is node, cusp or isolated point.

@ SOLUTION  Let f(x, y) =y? - xsinx
f, =—sinx — xcosx
f, =2y
f=— COsX + XSinX — cOSX
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f =
f =
0 at x=0: fu=-2 f,=0, fyy
O £2 — fof,  at (0,0)
O 0+2(2)=4>0

2 e e _ o
fyy — fxfyy >0 O origin is node.

3.2 (v) Types of cusps

When two branches of a curve pass through a cusp and the tangents at cusp are coincident.
Therefore, normal to the branches at a cusp would also be coincident.
Cusp can be of five kinds
(a) Single cusp

If the branches of the curve lie on the same side of the common normal, then the cusp is called a
single cusp.

y y
A A
S &
<82 S
@
Normal ~
Normal
>x > X
o Single cusp of first species o Single cusp of second species
Fig. 3.13

(b) Double cusp

If the branches of the curve lie on the both sides of the common normal, then the cusp is called
double cusp.

Here, both the branches of the curve lie on the both sides of common tangent, then the cusp is of
first kind.

Also if, the branches of the curve lie on the same side of the common tangent, then the cusp is
called cusp of second species or Ramphoid cusp.

y y
A Normal A
Normal
&
o
s
» X »> X
O| Double cusp of first species o
Fig. 3.14 Fig. 3.15
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(c) Point of oscu-inflexion
A double cusp of both the species is called a point of oscu-inflexion.

y

m 1 Normal
<&

1
G
c 0 'X
=
= Fig. 3.16
5 EXAMPLE OSketchthecurve y2(a+x) =x%*(a-x)

- @ SOLUTION Here, the curve is
y%(a+x) =x%*(a-x) )

1. The curve is symmetrical about x-axis.
2. Curve passes through origin and cuts the x-axis at a point (a, 0).
3. Equating to zero the lowest degree terms of Eq. (i), we get the tangents at origin.

g y?=x% or y=%x

U origin is node.
4. Equating to zero the highest degree term, we get the asymptote

x+a=0, ie, X=-a
5. From Eq. (i) y=1Xx a-x
a+x

0 yexistswhen -a<x<a [ Domainll(-a, a].
6. As x increases from O to a [ y increases upto a point then decreases to zero.
O y increases when x [1[0, a]
y decreases when x [1(-a, 0]
Thus, yz(a +x) = x2(a- x) could be plotted as;

A

(-a,0)

asym|ptote

X=-a
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E REMEMBER FOR TRACING CARTESIAN EQUATION

1. Check symmetry

(a) A curve is symmetrical about x-axis, i.e., y is replaced by — y and curve remains same.

(b) A curve is symmetrical about y-axis, i.e., f(-x) = f(x).

(c) A curve is symmetrical about y = x, i.e., on interchanging x and y curve remains same.

(d) A curve is symmetrical about y = - x. i.e., on interchanging x by —y and y by —x curve

remains same.
(e) The curve is symmetrical in opposite quadrants, i.e., f(-x) = - f(x).

2. Check for origin

Find whether origin lies on the curve or not.
If yes, check for multiple points (See Art. 3.2).

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy

3. Point of intersection with x-axis and y-axis

Put x=0 andfindy, put y = 0and find x. Also obtain the tangents at such points.

4. Asymptotes

Find the point at which asymptote meets the curve and equation of asymptote (see Art. 3.1)

5. Domain and range

To check in which part the curve lies.

6. Monotonicity and maxima minima

Find <Y and check the interval in which y increases or decreases and the point at which it

dx
attains maximum or minimum.

Q‘

7. Concavity and convexity

The interval in which,

and —2<0

Using all the above results we can sketch the curve
y = f(x).

Buioea
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@ SOLUTION Here, the curve is y

EXAMPLE OSketchthecurve yz(a2 +x2)=x%(a% - x?)

9 _ x2(a? - x?)
(@ +x%)

The curve is symmetric about x-axis and y-axis {as on replacing y by — y curve remains same
and on replacing x by —x curve remains same thus, symmetric about x and y-axis

respectively).

It passes through originandy = + x are two tangents at origin. Thus, the origin is node.
It meets x-axis at (a, 0), (0, 0) and (- a, 0) and meets y-axis at (0, 0) only.

The curve has no asymptote.

The tangents at (a, 0) and (- a, 0) are x = aand x = — a respectively.
— a® - x?2
a? +x?2

Here,

O

Also

ie.,

ie.,

and

Domain O[- a, a]

dy _ a*- 2a%x%- x*
dX (a2 + X2)3/2(a2 _ XZ)l/Z
d—y - as X - ta
dx
g =0 when a*-2a%x?2-x*=0
dx
dy _ a*-2a%x?- x*

dx (a2+ x2)¥2(a%= x2)V2
— {x*+2a%x%+a*- 2a*}
(a2+ X2)3/2(a2_ X2)1/2
- {(x*+a%)’- (V2a*)*}
(a2+ X2)3/2(a2_ XZ)l/Z

_ = {x= 1+ 42} {x + (-1 ++2)a} {x* +(1 +42)a’}

(32+ X2)3/2(a2_ X2)1/2

Eb; x=1,(-1++2)a
%:Eﬁve; x0CJC 1 V2) a7 V2)a)
X 0

Ve x O(=a —+J(-1++2)a)or (J(1++/2) a, a)

y increasing when x [O0(- \/ (- 1+ \/?) a, \/ (- 1+ \/5) a)

y decreases when x[(- a, — /(- I+ J2)a) or (J(=1++/2) a, a)



OR
dy
s >0, when x0O(-(0.6)a, (0.6) a)
X
% <0, when x0O(-a - (0.6)a) or ((0.6)a,a)
X
where J-1+42 = (0.6) 4pprox
Thus, the curve for yz(az+ x2) =x%(a’- x?)

Fig. 3.18

EXAMPLE eSketCh the curve yz(x—a):xz(a+x).

2
@ SOLUTION Here, the curve is given by y? = x((a-I-;()
X—a

1. Symmetrical about x-axis only.

2. It passes through originandy? + x? =0, i.e., y = * ixare two imaginary tangents at origin.
Thus, origin is isolated point.

3. It meets x-axis at (- a, 0), (0, 0) and y-axis at (0, 0).
The tangent at (- a, 0)isx = — a.

4. y=+(x-a) and x=a are three asymptote.

L 9AIND pue sSjulod iejnbulg ‘s9jojdwAsy

2
5. 2 = m O ¥ + X xta
(x-a) X—a C
Thus, for domain,; xta >0 and x#a g
X—a i - i
<€ t t > ||
ie., x<—-a and x>a - a =
or Domain O(—~ ,—a]d (s O {0} m
1 1
2 D) EK_*(]-"'N/E)EIED —*(1—\/5)3%
6 dy _ . X“—ax-—a _,0 2 oo 2 0
X x-a)¥?x+a)V? (x — a)¥%(x + a)/2
O ﬂ>0’ when xO(- , — aJ Dl(ﬁ V/5)ap Q
dx %
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Play with Graphs

158

1 [l
—2 <0, hen D%a,—k J5) a
dx v x 2( ) H

Thus, the curve;

»=
\
\
\
\ =
A |
D
\L
4
N
+
Q
I
o

\k__

(a 2a)

asym|ptote

Fig. 3.19

EXAMPLE e Sketch the curve y2 =x-DExE-2)(x-3).

@ SOLUTION Here, y?=(x-1)(x-2)(x-23)

1.

Symmetrical about x-axis.

2. It does not pass through origin.

3. It meets x-axis at (1, 0) (2, 0) and (3, 0) but it does not meet y-axis.

4.

5. For domain: x-DE-2)x-3)=0 _ oy

No asymptote.

g Domain [1, 20 [& ) 1 2

y=+/x-Dx-2)(x-3)
0 6—@%%{_6“@%

3k
. dy _, Gx*-12x+11) _ O 3 oo 3 O
dx  2Jx-DE-2x-3)  2/(x-D(x-2)(x-3)
- - O -
o, 3x-142)(x - 2.5) s 8 \@:1_42and6+£
2x-Dx-2x-3) g 3 3

0 j—y>0, when x 0O, 1.42)30 (% )

X

ﬂ<0, when x[0(1.42, 2)

dx

t
= 2.5/approx[]
U



Thus, the curve y2 =x-Dx-2)(x-3)

»<

1
0 1 I/\'2 i
NZ
i i i
1 1 1
1 1 1
1 1 1
\ v \
x=1 x=2 x=3
Fig. 3.20
EXAMPLE ° Sketch the curve y?x* =x%*- a’.
2 2
@ soLuTION Here, y?= X Za
X
1. Symmetrical about both the axis.
2. It does not pass through origin.
3. x-intercepts are (a, 0) and (- a, 0)
The tangent at (a, 0) isx = a and the tangent at (-a, 0)isx = — a.

4. y = = 1are the two asyrnptotes

5. y = Domain O (-0 , — a]d [& )
dy dy
== O >0, hen O ,—a
. \/7 i w x (e b (& )

Thus, the curve for y?

1 9AAN9 pue sSjulod iejnbulg ‘s9joljduwAsy

(-a,0) (0] (a,0)

\<I\>
II><'\J
><,\, s:lu
\
x
Buioea

———————————— > y:71

«---t---3

>
Il
1
J\
>
Il
j\Y

Fig. 3.21
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Play with Graphs
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EXAMPLE e Sketch the curve yz(xz— D=2x-1
2 — 2x -1

x2-1

@ SOLUTION Here, vy

1. Symmetrical about x-axis.
2. It does not pass through origin.

3. It meets x-axis in %, 0@ and y-axis in (0, 1) and (0, — 1) respectively.

The tangent at %, 0@ is x= %

4. x=1,x=-1 and vy =0 are three asymptotes.

2x -1 . O 10
5. y2=2""2 0 DomainOF 1, =50 (1o )
x2-1 H_ 2E|
_ O —x? O
6.y=+ |21 o ¥_,q X1+X+1 0
x*-1 x  2x-DYV*x*-1¥*0
0 Y 20 when xD%l,lDD(l,w)
dx ZB
0 yis decreasing in its domain.
Thus, the graph for y? = 2)2(_1 is,
x“—1
y

(1,0)

_ 1
(-1,0) (3,0)
(0] (0]
S ©-1 2
Q | Q.
€ | €
= | =
@ -
I
I
1
I
¥
x=-1 x=1/2 x=1
Fig. 3.22

EXAMPLE eSketchthecurve:
x*+yHx-ax*-y*») =0; (a>0)

SOLUTION Here, y2 = zg%xg
® y? =

y=0
(asymptote)



A WN =

u

. Symmetric about x-axis.
. Origin lies on the curve and y = + x are two tangents at origin. So, origin is node.
. x-intercept are (0, 0) and (a, 0). The tangent at (a, 0) is x = a.

. X = — ais the only asymptote.

dy a’- ax - x2

ﬂ>0

O
when x [0O0-a,
dx O

Thus, the graph for

2 ZEh_

[l
ye=x BTzHasshowninFig. 3.23.

=+
dx (a+x)n/a*- x>

a_

o

y=%x
a+x

Domain [0 (- a, a]

- 0
Lﬁam

EXAMPLE 0 Sketch the curve x* +y® =3ax® (a>0).

@ SOLUTION Here,
1.
2.
3.

No line of symmetry.

x® +y? = 3ax?

Origin is cusp and x = 0 is tangent.

x-intercept, (0, 0) (3a, 0)

The tangent at (3a, 0) is x = 3a.

. Here;

g
U

. 2a
. Vv = a— xis asymptote and the curve meets asymptote at %, ?Q

x? +y? = 3ax?

3ax? >0

X3+y3>0

(as,a>0)

i.e., x and y both cannot be negative (thus, curve would not lie in third quadrant).

yzﬂ:X(Za—x)
dx

ﬂ >0, when x0(0, 2a)
dx

g<0

when x0O(—0 , 00 (28 )
dx
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Thus, the curve y> + x> = 3ax? is,

y

A
7]
= <
Qo ¢
1]
1S5
(O] 0 ~x
-
4=
=
o

Fig. 3.24

EXAMPLE e Sketch the curve with parametric equation 6.

x = a(® +sinB), y =a(l +cosB); xO(- 1 M.
@ SOLUTION Here, x=a(0 +sinB) and y =a(l + cos6) gives the following table for x and y

with 6.
0 - Tt 0 T
X — am 0 aTm
y 0 2a 0
So, that we have,
-TT<0<0
0 (x, y) starting from (- a1y, 0) moves to the right and upwards to (0, 2a).
0<B<sm
O the point (x, y) starting from (0, 2a) moves to the right and downward to (ar, 0).
Also % =a(l + cosH)
de
and d—y = - asin®
de
dx .
Now, — = if 6=m -1
de T
dy _ tan®
dx 2’
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except for the values + 1 of 6 for which % =0.

Also, tangentat 6 =1 and 6=-T are x=T and X=-Tt
Thus, the curve forx =a (8 +sinB) and y =a (1 + cos0).
y
A
—T[| O T[| » X
Fig. 3.25

EXAMPLE 0 Sketch the curve : x® +y° =5a’xy?.

@ SOLUTION Here;

The curve is symmetrical in opposite quadrants.

The curve passes through origin and x = 0, y = 0 are tangents. Thus, origin is node.
It meets coordinate axis at origin.

x +y = 0is an asymptote.

On transfering to polar coordinates, we get.

S ol ol

,_ 5a’cosBsin®

cos® 0 + sin° 0
when, 6=0, r=0 when, :g,r=O

. m, 31 5. . - .
As B increases from 5 to - r? is negative and hence, r is imaginary.

O no portion of the curve lies in this region.
3m

. 3n
At 0= R r=o as 0O increases fromT to m [0 rdecreases from o to 0.

0 Curvex’ +y° =5a’xy?

Fig. 3.26
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EXAMPLE @ Sketch the curve  y* - x* +xy = 0.

@ SOLUTION Here, yif-x* +xy =0
1. No line of symmetry.

A 2. It passes through origin two tangents at (0,0) asx =0 and y =0,
== 0 origin is node.
8, 3. It cuts the coordinate axes at the origin only.
® 4. y =X, y =- xare its asymptotes.
i o ;
G 5. Converting into polar coordinates,
r? = 1 tan 20
- 2
= I s
; 6. When, 0< 6<Z or 0< 26<E O r? increases from O to .
§ When, E<6<E or L W<m O r?is negative,
o 2 2

0 no curve when L 0< E.
4 2

Hence, the curve

Fig. 3.27
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Plot the Curves :

1.
2.
3.
4.

10.

11.

12.

13.

14.

15.

16.
17.
18.

19.
20.
21.

22,
23.

1
=1+x% - —x*.
Y 2

y=(x +N(x -2y
y=gx—1x3 L)
5 2 10

_ cosx
cos 2x

—x20 —x20
y = arc cos %—XZD =cos™ %—XQD
U+ x=0 U+ x=0
y = arc sin (sinx) = sin~'(sin x)
y =sin (arc sinx)

y = arc tan (tan x)

1
y =arc tan %@

y=(x +2)e"

y:%(\/x2 +x +1-x2 = x +1)

y=x% +1—-x% -1

y= (X + 2)2/3_ (X _ 2)2/3

24.
25.
26.

27.

28. y

29.
30.

31.

32. x

33.

34.

35. x

36. x

37. x

38.
39.
40.
41.
42,
43.
44.
45.
46.
47.
48.
49.
50.

2/3 2/3
) )

y=(x+1)""+(x-1
yz =8x2— x*
Y2 =(x=N(x-2)(x - 3)
2 _Xx—1
X +1
2 :X2(1—X)
(1+x)?
yZ=x*(x +1)
x*(y —2)? + 2xy —y?=0

1 2 1 2
X=—(t+1)°, y=—(t-1
4( )%y 4( )

_fP A
x=i y= t
t—1 t2—1
x=-5t>+2t°5 y =—3t% +2¢°
2+ 1 ot

ai-1" Y Tt

_(t+2)? _(t-2)
S+ T -1

=2 2

x%+y® =3axy, where a>0.

(x —a)®(x® + y?) =b%x2, where a,b>0.

=523

x?3+ 23 , where a>0

1 9AAN9 pue sSjulod iejnbulg ‘s9joljduwAsy

X6+ 2x%y =P
4y? = ax®y + x°
x4+ 2y =ax?y
x3—2x% —y?=0
x?yP+y =1

Buioea

x® +y® =3x?

Yo+ x*=xy?
x*—y*+xy =0

x5+ yS=xy?

X =asin26(1+ cos26),
y =acos26(1-cos26)
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2. (1)

x<-1
-1<x<1

F2x;
=Ha;

Here; f(x)

x>1

Hax;
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-1<x<0

0<x<1

x+1;

=
I}’

O x;

|

1<sx<2
2<x <3

f(x)

Here,

o
EH
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3. We know,

Graph for f(x)

From above figures it is clear that the graph would exists only when;

i.e., inverse for f(x) = x> + x +1 would exists only when x =-— 12

4. S
y A
oY
2 o
/)
\/
y=0;x<0
=2 [0 1 *
5. y
A A
1 43 2 1 ‘o Tz 13 14X
[ A
—<i>—<i>—<i>—<i>—<|>—<i>—<i>—<i>—<i>—
6. y

Here,

=
Y, =
: =
(%) 0
 (1.0) )
o[ a/4! X =
AT
neglecting g
Graph for f~Y(x) m
. 0
X2—-—— -
= c
=
al
=
(7}
2,
Here, f(x)= EEX ; x20
0; x<0

f(x) =[[x] - x] =[x] +[-x]

_x-x x Uinteger
- %X] +(-1-[x]); x Ointeger
_ 0 0; x Ointeger
- E— 1; x Ointeger

From figure;

Slope of OP < Slope of OQ.

Tt
a4 _tan"a-0
1-0 a-0
-1
q taTa_m

a 4
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Clearly, the above curves intersect at 5 points;
O number of solutions = 5.

From above figure, number of solutions is infinite.

2
9. Clearly; <1
x-1
or x?<|x -1
01-45 -1++50
O x [ i N B
o 2 2 0
10. Here, x> =3+[x]
0 to sketch f(x) = x>
and g(x) =3 +[x]
Clearly; from figure the two curves f(x) and g(x) intersects
when g(x) = 4.
] fx)=4
O x> =4
or x = 2%3,

Q {
Ho 1
\™
2 >
7
— + — ? ! X
—/5-1 O |v5-1 1
2 2
y —
4..
33—
—5f
—<C 171
€ + X




CURVATURE AND TRANSFORMATIONS

1. (D
21 AU=R-Ix-1|
T
(iii) }A/k
/ (0] 3\ > X
;) B 2
|y|_ |X—1|
) A
2
/\NO| 1
-2
Yy
x=1
(vii) y
A
\/1
—log 2 [6) log 2 > X
3
ly|=|eX-2]

(i)

>

(iv)

(vi)

(viii)

\J

—log2 O

log2
y =|eM-2]

y=x-[X

SuUOIlNjOS pue SlulH
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(ix) y ) y
A A
1 1
1 3| 4 > X ol 1 2 3 a > X
y=Vx-[x] y=(x=[x)
(xi) y (xii) Y
A A
1 1
» X
RN oh N 2\ 3 > X 1IN 1 ™2™\ 3™\ 4
-1 -1
|y| _ \/m |y| = (X_ [X])2
(xiii) ¥ (xiv) "
y==2x 2 Sy=2x 2
y=2
0 ; > X -1 O 1 > X
=|x=1|+|x+1
y= =l x| Y= x= 11+ x+1]
-2
XV XV1
(xv) N (xvi) {
7 4
3 > E q
2 X 2 )
1 b 1 d
ol 1 2 3 X | . x
-4 3] —2| —1[ O] 1] 2| 3] 4 o
y=[x=1I ’ SRS

A"

v

A

Iyl ={lx=1]]



(xvii) Y, \ (xviii) Jj
5
5
X+2
4 —x42 4 X+2
3 $~ 'O
x+ 1 RN ~
2 —X+1 .t X1
1 §~~‘ Q~~‘ 2"'¢ ”¢¢
s\ ~ .0 /'
o 1
> X X X > x
-2 -1y oo 12 3 4 3] 2| 1| o] 1 2] 3
-1
x+1
-2
y=Ix+Ix]
IYl=x+1[x]
(xix) N (xx) "
5 B 5 B
4 X+2 4 Xt2
» & N 9
’ 3 . . ‘ Q
4 4 - >, 4 4
O' O' ‘5 ‘Q O' O'
2 /' X+1'/' \‘ \\ /' et
/' B R4 ~\ ,\ 2 ", ’/
'O " §~ Q‘ ', 'O
1
X X
> X > X

2. @

S, G
~ Ty
S AT
e s, s ¢ e s,
., N ’ 4 hJ .,
b . o ¢ b y
.
o+ ~ ’ *Ts .
- . ) Q G .
. . G G .
. . x R > .
0 . G ’ S S
0 . ’ | O <,
-3 . AN - # R4 Q -3 . N -
. N , Q D) S
. N ’ . e ~
AN S, 4 / RS *
. - -
A \* | 4 g

_5 \, ‘/ _5 .,

IYl=x+[x] 1= 1x]+{Ix1]
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> X
211\

(iD) A
/\ /\ -
—211\/—11 o) T ZH\/ST[
[Y = Vsin x
(iii)
y
A
V2
1
> X
_3m -m _m O I n|  3m
2 2 2 2
y=|sin x| + |cos x|
(iv) A W %
2 2
+1 /\ 14
51 3n_T\ O ] T 3m i
Y 2\ +-1/2 : -
2 2 2 o w2 /n 3w2
-2 ly| = cos x + |cos x| 3
y=sin2x—23inx
10.
(vi) "\
2
3/2/ \
1
12
> X
-3m2| -m -w2| O w2 |m [3m2 |21

_ 2sin X

y




SUOI}NjOS pue SjulH

.. y y
(vii) A (viii) A
. . —— — - . . . .~ ax
/T\O| /1t 3n 5m\ |31 gn _m O T 3m
2 2 2 2 2 2 2 2
(ix) y= Iogé‘jsin x| it only represents points
> X
—2m_3m| -1 o I m 2m Sm 3n
2 2 2
y=10gg, 172
® Y,
/ / > X
-2\ gm /T O\ I m 2\ 5n 3m
2 2 3
[¥] = loggin <172
N 4, A
w2 1
-3 .
> -2 -1 O 1 2
1 O 1 ')T L [1-x2
y=smn <1 +x2> - y= 2x
2 14+x2
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5. (i) y (ii) y
A A
/1\
X .
) ©) 2 () > X
y=eM
y=x2-2|x|
(iii) y (iv) N
A
0 » X 0 » X
y=ell
lyl=x
) y (vi) y
A A
/ > X
/ 5
/NS
x=y2+1
y= XS—X
6. Y
A
t1
t t t »> X
-2 -4 O 1 2
y=f(x-1)+f(x+1)
7. () A (i) y
A
» X
N
-1 2l O 2 X
iy -
_2 1
e




(iii) % @iv) Y,
2
2
2 o |2 =X ) o]
—2
_ 1
y= ‘ X|—2 ‘
8. y 9. Y,
2 llog|x]|
0] T o
> X
\/ o \/Siﬂ ™X
_2..

Since, 2cos x and | sin x |, intersects at two points for From above figure we have six solutions.
x O[O, 2m].
0 number of solutions are four when x O[O0, 471].

x| 0 /6 /2 | 5/6 | x, @{ @Q 3n éﬁj < Q X4 27

2> 2 2 2 s Ag
y 0 -2 0 9/8 0 9/8
3 -33 0 | 33| o - 0 + 0 —
2 2
3/3
4
y| 1 0 >0/ -315 S 35 1
-3V3 16 16
4

1
=—sin 2x +
Y 2

COS X,

periodic with period 2Tt.

SUOI}NjOS pue SjulH

175



ASYMPTOTES, SINGULAR POINTS AND CURVE TRACING

(x-2)?
X

(1,0

(_1 ’ 0)

>

A
=
+
=
Il
> =)
o8
1S ~
=
e}
e
=)
-
L
N <
<
x x
-l s
| A
~ 12
x +
+ -
- =z
Il
= —
2]
e
N )
e S <
>
I
-
I
/
- o

sydean yjim fo|d
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Hints and Solutions
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> S
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77
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Tl 5)
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S 9 < Q
||||||||||||||||||||||||||||| o
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77 a,
= 21
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»X

14.

=2a

>y

(0,2a)

13.

sydean yjim fo|d

FE| o

16.

1)
=

L

e N\ — —

18.

>

-

17.

y=x+3

v

>

19.
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Hints and Solutions

»

22
24.
26.

y
A

—1/2
\
(0]
y
A

21.
23.
25

28.

27.

L T S R i T

[ .

|
I
I
I
I
|
#

179



>
A
|
I
I
I
! <
—_—— = ~
I ! 0
AlIIII_IIII_ IIIIII S —
| =
_ |
" I
St !
1N
Qe I O
I
I
€z ————- e e e
I
I
I
I
I
I
I
I
S
o
x
>
Q
ﬁo
[V[Te)
+
<o
|
o
N

sydean yjim fo|d

1/2

>

32.

31.
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] x
A
S x
A A A
\ | |
A 1 1
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I I
1 1
I I
I I
1 1
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\ I 1 1
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Hints and Solutions

2a 3V4a

§

38.

Ol 3

37.

40.

o
-a

39.

|0

x|y

>

42,

24 o
25

-1

41.

44,

(2]
[eo]

—ly

43.
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y=x

46.
48

>

1/4 10 1/4

N
<

45.
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